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This supplementary appendix contains auxiliary results and proofs for the main paper.
Section A contains a proof of Theorem 3.1 in the case where ¢ = dy = 1, which contains the
main technical ideas of the general result, but requires less notation. Section B proposes an
alternative way of obtaining critical values using the asymptotic distribution results in this

paper. Section C contains proofs of the results from the main text and from Section B.

A Proof of Theorem 3.1 with a Single Contact Point

This section presents a proof of Theorem 3.1 in the special case where the conditional mean
is minimized at a single point (¢ = 1, so that Xy = {z1}) and the dimension of m(W;,0)
(dy) is equal to one. Note that the dimension of X; (dx) is still allowed to be greater than
one. This case contains the main technical aspects of the general proof, while requiring
less notation. Section C.1 gives a proof in the general case. To focus on the main ideas,
the proofs of some of the lemmas used in this section are omitted, with a reference to the
correspinding lemma in Section C.1.

For notational convenience, let Y; = m(W;, 0) and d = dx throughout this section. Since
dy = ¢ =1, we will always have j = k = 1 when referring to Gp,, ; and other quantities
indexed by k and j, so I drop these subscripts and use the notation Gp(s,t) rather than
Gpay1(s,t), ete.

The asymptotic distribution comes from the behavior of the objective function F,Y;I(s <
X; < s+t) for s near x; and ¢ near 0. The bulk of the proof involves showing that the
objective function doesn’t matter for (s,¢) outside of a neighborhood of z; that shrinks at a
fast enough rate. First, I derive the limiting distribution over such shrinking neighborhoods
and the rate at which they shrink.
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Theorem A.1. Let h, =n~% for some 0 < a < 1/d. Let

Go(s,1) = hT\/Z(En — E)Yil(hns < Xi — 21 < ho(s +1))

and

1
gn(s,t) = WEYiI(hns < X;—x1 < hyp(s+1)).

Then, for any finite M, Gy(s,t) N Gp(s,t) taken as a random process on ||(s,t)|| < M
with the supremum norm and g,(s,t) — gp(s,t) uniformly in ||(s,t)|| < M where Gp(s,t) =
Gpay1(s,t) and gp(s,t) = gpu, 1(s,t) are defined as in Theorem 3.1 for m from 1 to L.

Proof. The convergence in distribution in the first statement follows from verifying the con-
ditions of Theorem 2.11.22 in van der Vaart and Wellner (1996). To derive the covariance

kernel, note that

cov(Gy(s,t), G, (s, 1))
= h 'EY I {h,(sVs) <X —x; <hy[(s+t)A (s +1)]}
U EYid [hns < X — 11 < ho(s + O] {EY/ I [hns' < X — 21 < hn(s' + )]} .

The second term goes to zero as n — oo. The first is equal to the claimed covariance kernel

plus the error term

h—d

n

/ [E(VIX = 0)fx(w) = BOZIX = ) fx(e1)] da,
hn(sVs')<x—z1<hn[(s+E)A(s'+t)]

which is bounded by

{ max  [E(Y?|X =z)fx(z) — E(Y7|X = z1) fx(21)] }

[|z—z1||<2hn M

x h? / dx
hn(sVs')<z—x1 <hn[(s+t)A(s'+1)]

={ may | [BOPX =) fx(e) — EOPX =) (o]

|lz—z1||<2hn M

X / dz.
(sVs')<z—z1 <(s+t)A(s'+1t')
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This goes to zero as n — oo by continuity of E(Y?|X = z) and fx(x).
For the claim regarding g,(s,t), first note that the assumptions imply that the first
derivative of z — E(Y;|X = z) at x = z; is 0, and that this function has a second order

Taylor expansion:
EY)|X = z) = %(:1:‘ — o) V(@) (@ — 1) + Ra(x)
where
1 / * ]' /
Ra(2) = 5@ = 21)'V(2"(2))(z — 21) = 5 (@ = 22) V(21)(z — 21)

and V (z*) is the second derivative matrix evaluated at some z*(x) between x; and x.

We have

1
n(s,t) = —x)'V — d
g (S ) 2h;il+2 \/hns<z—xl<hn(s+t)(x xl) <x1)($ xl)fX(xl) !
1
el W U CEEN INE NN P
n nSs<x—x1<hn(s+t

1 /
+ R, (z)fx(x)dx.
hg—‘rQ hns<z—z1<hn(s+t)

The first term is equal to gp(s,t) by a change of variable x to h,z + 1 in the integral. The

second term is bounded by gp(s,t) Sup|,_,, <on, mlfx (¥) — fx(z1)]/fx (1), which goes to
zero uniformly in [|(s,?)]| < M by continuity of fx. The third term is equal to (using the

same change of variables)

1

- / [2'V (2" (hpx + 21))x — &'V (21) 2] fx (hnx + 21) dex.
2 s<x<s+t

This is bounded by a constant times supy, <y [2'V (2" (hnz + 21))z — 2’V (21)7|, which goes

to zero as n — oo by continuity of the second derivatives. O

Thus, if we let h, be such that v/n/h¥> =1/ hi+? <= h, = n~/(@*9 and scale up by
Vi Y = 1/pd+2 = p(d+2)/([@+9) e will have

n(d+2)/(d+4)En}/;[(hnS <X — T < hn(s + t)) == Gn(sat) + gn(s7t) i GP(57t) + gP($7t>

taken as stochastic processes in {||(s,?)|| < M} with the supremum norm. From now on, let
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h, = n~Y@+4Y g5 that this will hold.

We would like to show that the infimum of G,(s,t) process over all of R?? converges
to the infimum of the limiting process over all of R?¢, but this does not follow immediately
since we only have uniform convergence on compact sets. Another way of thinking about this
problem is that convergence in distribution in {||(s,?)|| < M} with the supremum norm for
any M implies convergence in distribution in R?? with the topology of uniform convergence
on compact sets (see Kim and Pollard, 1990), but the infimum over all of R?? is not a
continuous mapping on this space since uniform convergence on all compact sets does not
imply convergence of the infimum over all of R??. To get the desired result, the following
lemma will be useful. The idea is to show that values of (s,t) far away from zero won'’t

matter for the limiting distribution, and then use convergence for fixed compact sets.

Lemma A.1. Let H, and Hp be random functions from R to R such that, (i) for all M,
H, % Hp when H, and Hp are taken as random processes on {t € RY||t]| < M} with the
supremum norm, (ii) for allr < 0, e > 0, there exists an M such that P (inf||tH>M Hp(t) < 7") <
e and an N such that P (infjy>n H,(t) < 1) <e for alln > N and (i) inf, H,(t) <0 and
inf; Hp(t) < 0 with probability one. Then inf,cpa H, (1) N inf,cpa Hp(t).

Proof. It suffices to show that for all 7 € R, liminf,, P (inf,cga H,,(t) < r) > P (inf,cpa Hp(t) < 1)
and limsup,, P (inf,cga H,,(t) <) < P (inf,cpe Hp(t) < r) since, arguing along the lines of
the Portmanteau Lemma, when r is a continuity point of the limiting distribution, we will

have

P <inf Hp(t) < 7“) =P (inf Hp(t) < r) < liminf P <1nf H,,( >
teRd teRd n teRd

< liminf P (inf H,(t) < 7’) < limsup P <inf H, (t) < ) <P (mf Hp(t) < T) .
n teR? teR? teR?

n

Given e > 0, let M and N be as in the assumptions of the lemma. Then P (inf”tugM Hp(t) < r)—i—
e > P (inf,cpa Hp(t) < r) and, forn > N, P (iantIISM H,(t) < r) +¢e > P (infer H, (t) < 7).

Thus, by convergence in distribution of the infima over ||t|| < M,

teRd It <M lltll<p

> P <111f Hp(t) < 7“) — €
teRd

lim inf P (inf H,(t) < r) > liminf P ( inf H,(t) < 7’) > P( inf Hp(t) < 7’)

48



and

lim sup P (inf H,(t) < r) < limsup P ( inf H,(t) < 7") + ¢

n teRd n <M

<P ( inf Hp(t) < 7‘) +e<P (inf Hp(t) < 7‘) +e.
[[tll<pr teRd
Since € was arbitrary, this gives the desired result.
[

Part (i) of Lemma A.1 follows from Theorem A.1. Part (iii) follows since the processes
involved are equal to zero when ¢t = 0. The main difficulty is in verifying part (ii).

The next two lemmas provide bounds that will be used to verify condition (ii) of Lemma
A1 for G,(s,t) + gn(s,t) and Gp(s,t) + gp(s,t). To do this, the bounds in the lemmas
are applied to sequences of sets of (s,t) where the norm of elements in the set increases
with the sequence. The idea is similar to the “peeling” argument of, for example, Kim and
Pollard (1990), but different arguments are required to deal with values of (s,¢) for which,
even though ||s|| is large, [, ¢; is small so that the objective function on average uses only a
few observations, which may happen to be negative. To get bounds on the suprema of the
limiting and finite sample processes where ¢ may be small relative to s, the next two lemmas
bound the supremum by a maximum over s in a finite grid of suprema over ¢ with s fixed,
and then use exponential bounds on suprema of the processes with fixed s.

Since some of the conditions only hold for X; in a neighborhood of z; (e.g. conditions on
the density of X;), a different argument is used for G, (s,t) + g, (s,t) where ||(s,t)|| < n/h,
(which correspond to E,Y;I(s < X; < s+ t) with |[(s — x1,t)|| < n) and G, (s,t) + gn(s, 1)
with ||(s,t)|| > n/h,. The proof for the (¢ = dy = 1) case given in this section focuses on
the former part of the argument (where ||(s,t)|| < n/hy), with the results used for the latter
case (where ||(s,t)|| > n/h,) stated here, but proved in Section C.1.

Lemma A.2. For some C' > 0 that depends only on d, fx(x1) and E(Y?|X = x1), we have,
forany B>1,¢>0, w >0,

P ( sup |Gp(s,t)] > w) <2{3B[B"/(e A1)] + 2}2d exp (—c“’—2>
I(s:t) £

I<BII;ti<e

for “’?2 greater than some constant that depends only on d, fx(zm) and E(YZ|X = ).
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Proof. We have, for any sop < s < s+t < s¢ + to,

Gp(S,t) = Gp(So,t+ S — 80)

+ > (=1 Y

1<j<d 1<iy <ig<...<i;<d
Gp(so, (t1 4+ 81— 50,1, - -« s tiy—1 + Siy—1 — 80,i1—15 Siy — S0,i1» Lir41 + Siv+1 — S0,i1+15
ooty 81 = S0,i-1, 8i; — 80,55 tij+1 T Sij41 = 80,415 - -+ td + Sd — S0,d))-

Thus, since there are 2¢ terms in the above display, each with absolute value bounded by
SUPi<¢, |Gp(s0,1)],
sup |Gp(s,t)] < 2%sup |Gp(so, t)| L 2¢sup |Gp(0,1)].
s0<s<s+t<so+to t<to t<to

Let A be a grid of meshwidth (¢ A1)/B? covering [— B, 2B]?. For any (s,t) with ||(s, )| <
B and [[;t; < ¢, there are 5o and ty with sg, 5o +to € A such that sp < s < s+t < 59+ 1o,
and [];t0; < [[;(ti + (e A1)/BY) = Z?:o[(g A1)/ BY Zle{l,...,d},m:dfj [Leti < Tt +
Z;.l:l[(s A1)/BY) (dij) BT <e+e Z?Zl B4 (dij) B3 < 24¢. For this s, ty, we will then
have, by the above display, |Gp(s,t)| < 2%sup,y, |Gp(so,t)|.

This gives

sup  |Gp(s, )] < 2° max  sup|Gp(so, 1)),
(s, |<B,IT,; ti<e 50,80+t € AT, to,:<2% 1<iy

so that

I<B,I1, ti<e 50,80+t € AT, to, <24e t<to

P ( sup |Gp(s,t)] > w) < |A)? max P <2dsup |Gp(so,t)| > w)
ll(s,t)

1/2
= AP max P | 2%sup (H t07i> Gp(0,t)] > w

s0,80+t0€A,[; to,i <2 t<1
< |ARP (sup|Gp(0,8)] > =
— <1 ’ — 2d2d/2€1/2 :

The result then follows using the fact that [A] < {3B[B?/(e A1)] + Q}d and using Theorem
2.1 (p.43) in Adler (1990) to bound the probability in the last line of the display (the
theorem in Adler (1990) shows that the probability in the above display is bounded by
2 exp(— K jw?/e+Kow/e'/?+ K3) for some constants K, K, and K5 with K; > 0 that depend
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only on d, fx(z,,) and E(Y%|X = x,,) and this expression is less than 2 exp(—(K/2)w?/¢)
for w? /e greater than some constant that depends only on K, K», and K3).
O

Lemma A.3. For some C > 0 that depends only on the distribution of (X,Y) and some
n >0, we have, for any 1 < B < h'n, w > 0 and & > n~ Y@ (1 4+ logn)?,

" <||<s,t> e O 12 w) <2{3B[BY/(c A1) + 2} exp (‘C%> .

I<BII;ti<e

Proof. By the same argument as in the previous lemma with G replaced by G,,, we have

sup |G (s,t)| < 2dsup|Gn(so,t)|.

so<s<s+t<so+to t<to

As in the previous lemma, let A be a grid of meshwidth (¢ A 1)/B¢ covering [—B,2B]%.

Arguing as in the previous lemma, we have, for any (s,t) with [|(s,?)|| < B and [[,t; <
g, there exists some sg,ty with sg, 80 + to € A such that I;ity; < 2% and |G, (s,t)| <
2% sup, <y, |Gn(s0,t)|. Thus,
g [Guls, )| <2 max  sup|Gu(so,t)
ll(s,t)[|<B,IT, ti<e s0,50+to€ATT; t0,i<2% 1<t
=24 max Supﬂ|(E — E)Y,; i I(hnso < Xi — T < hp(so+1))]
50,50+t €A, ; t0,:<2% t<tq hg/Q " I e e '
This gives
P sup |G (s, t)] > w
(s.)I<B,[T; ti<2%
< |A]? max P 2dsupﬁ|(E — E)Y; iI(hyso < X; — T < hy(so+ 1)) > w
= so,so—&-toeA,Hito,iS?dE 1<to hz/Q n 2, n = 1 m = Itn = .

We have, for some universal constant K and all n with ¢ > n=4(@*+(1 4 logn)?, letting
Fo=A(z,y) = yl(hnso < & — 2y < hy(so+1))[t < to} and defining || - || py, to be the Orlicz
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norm defined on p.90 of van der Vaart and Wellner (1996) for ¢1(z) = exp(x) — 1,

12¢ sup |va(E, — E)f(Xs, Y|l ps

fe€Fn

< K |E sup |vn(E, — E)f(Xi,Yy)| +n Y21 +logn) || [V (hnso < X; — 21 < (0 + t0)) | pas

feFn
< K I Fo LY LBVl (haso < Xi = 21 < halso + t0)]P} " + 07 2(1 4 Tog m)[V [

< K [T, Fo DTV 02292€12 4 72 (1 -+ log n) [Yil s |

< K [T, Fo I T2 4 Vil | 0262

The first inequality follows by Theorem 2.14.5 in van der Vaart and Wellner (1996). The
second uses Theorem 2.14.1 in van der Vaart and Wellner (1996). The fourth inequality uses
the fact that he/?e1/2 = p=d/2@+D1/2 > p=1/2(1 4 logn) once eV/? > p~l/2+d/REA+](] 4
logn) = n~#@(1 4 logn). Since each F, is contained in the larger class F = {(z,y) —
y;il(s <x—x < s+1t)|(s,t) € R*} we can replace F,, by F on the last line of this display.
Since J(1,F, L?) and ||Y;||4, are finite (F is a VC class and Y; is bounded), the bound is
equal to C~1e¥/2hY? for a constant C' that depends only on the distribution of (X, V7).
This bound along with Lemma 8.1 in Kosorok (2008) implies

<to Ny

= P (2 sup [VA(E, ~ E)(X Y] = )
fEFn

whd/2
<2exp| — -
( H2dSUpf€]:n|\/E(En_E)f(Xi7Yvi)|HP:¢1>

/2
< 2exp CL = 2exp (—C’w/sl/g).
- C-1p%%c1/2

The result follows using this and the fact that |A] < {3B[B%/(s A 1)] + Q}d. O

The following theorem verifies the part of condition (ii) of Lemma A.1 concerning the

limiting process Gp(s,t) + gp(s,1t).
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Theorem A.2. For anyr <0, € > 0 there exists an M such that

P inf Gp(s,t)+gp(s,t) <r) <e.
<<s,t>>M Pl6:t) + gr(e,t) )

Proof. Let Sy = {k < ||(s,t)|| < k+ 1} and let SE = S, N {[[;t: < (k+ 1)~} for some fixed
0. By Lemma A.2,

Sk

P <i;1Lf(Gp(s,t) + gp(s,t) < r) <P (sup |Gp(s,t)] > |r|)
< 2{3(k+ 1)[(k+1)/k~ + 2} exp (—Cr3(k + 1)°)

for k large enough where C' depends only on d. This bound is summable over k.

For any o and § with o < 3, let S27 = S, N {(k +1)* < [, t: < (k +1)°}. We have, for
some C; > 0 that depends only on d and V (1), g(s,t) > C4||(s,t)||* [ L, ti- (To see this, note
that g(s,t) is greater than or equal to a constant times f:lIHI e f;ﬁtd |z||Pdxy - doy =
(I, t;) S (82 4 t2/3 + sit;), and the sum can be bounded below by a constant times
|(s,t)]]* by minimizing over s; for fixed t; using calculus. The claimed expression for the
integral follows from evaluating the inner integral to get an expression involving the integral

for d — 1, and then using induction.) Using this and Lemma A.2,

P (inf[; Gp(s,t) + gp(s,t) < T) <P (sup |Gp(s,t)| > C’lkz2+o‘>
Sy

o, 3
S

<2{3(k+D[(k+ 1)/ ((k+1)° A1) + 2}2d exp (—Ccfﬂ) :

(k+1)°
This is summable over k if 4 + 2a — 3 > 0.

Now, note that, since [],;#; < (k + 1) on Sk, we have, for any —6 < oy < az < ... <
a < ap =d, S, = SFuU S,;(S’al US U, U Sy . If we choose § < 3/2 and
a; =i fori € {1,...,d}, the arguments above will show that the probability of the infimum
being less than or equal to r over S¥, S, %1 and each S, is summable over k, so that
P (infg, G(s,t) + g(s,t) < r) is summable over k, so setting M so that the tail of this sum
past M is less than e gives the desired result. O]

The following theorem verifies condition (ii) of Lemma A.1 for the sequence of finite
sample processes G,,(s,t) + gn(s,t) with n/h, > ||(s,t)]|. As explained above, the case where
n/h, < ||(s,t)| is handled by a separate argument.
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Theorem A.3. There exists an n > 0 such that for any r < 0, ¢ > 0, there exists an M
and N such that, for alln > N,

P inf Gn(s,t) + gnl(s,t §7’)<6.
<M<(57t)<77/hn (5:8) + guls,)

Proof. Let n be small enough that the assumptions hold for ||z — z,,|| < 27 and that, for
some constant Cy, F(Y;|X; = x) > Cy)|lz — z1||* for ||z — || < 2. This implies that, for
(s, )| < Ry,

Cy 9
s = s [ o — o112 x (x) da
hfri1+2 hns<z—x1<hn(s+t)
CQi 2 2 2
2 5 a |z — a:1[[" dz = Caf || dazg - - day > Cl|(s, )1 [ ]
n hps<x—x1<hn(s+t) s<x<s+t i

where C3 is a constant that depends only on f and d and the last inequality follows from
bounding the integral as explained in the proof of the previous theorem.

As in the proof of the previous theorem, let Sy = {k < |[[(s,t)|| < k + 1} and let
St =8, N{[1;t: < (k+1)~°} for some fixed 6. We have, using Lemma C.3,

P (ianGn(S,t) + gn(s,1) < r) <P (sup Gal(s, )] = m)
Si S

_ 2d r
<2{3(k+D[(k+1)"/k™°] +2} " exp (—CW)
for (k4 1) > n= 4@ (1 4 logn)? <= k + 1 < /P14 logn) =%/ so, if § < 4, this
will hold eventually for all (k + 1) < h;'n (once h'n < n*/BE@+D(1 4 1ogn)=2/% <= n <
n@/0=D/(d+4)(1 4 1og n)~2/%). The bound is summable over k for any § > 0.
Again following the proof of the previous theorem, for a < 3, define S,':’B =SeN{(k+
1) < TI;t: < (k+1)°}. We have, again using Lemma C.3,

P (inf Gn(s,t) + gn(s,t) < 7“) <P (sup |G, (s,t)| > Cgk2+o‘>

B
S;: S;:’ﬁ

S 2 {3<k + 1)[<k' + 1)d/(k0‘ A 1)} + 2}2d exp (_C’ 03k2+a )

(k+1)p/2

for (k +1)% > n=4(@+49 (which will hold once the same inequality holds for § for —6 < 3)
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and k + 1 < h'n. The bound is summable over k for any «, 8 with 4 + 2a — 8 > 0.
Thus, noting as in the previous theorem that, for any —0 < oy < as < ... < ay_1 < ay =
d, Sy = SFUS U Sy, USH Y if we choose § < 3/2 and a; =i fori € {1,...,d}
the probability of the infimum being less than or equal to r over the sets indexed by k
for any k < h;'n is bounded uniformly in n by a sequence that is summable over k (once
n < nWo=D/d+4) (1 4 logn)~2/%). Thus, if we choose M such that the tail of this sum past
M is less than ¢ and let N be large enough so that n < N@/0=D/(d+4) (1 4+ 1og N)~2/% we will
have the desired result.
O

To complete the proof, we need to show that

inf  Gu(s,t) + gn(s, t) = p T/ F) inf B YI(s<X;<s+1t) 50,
ll(s,0)|>nhn [(s—z1,t)[12n
Since some of the conditions of the theorem may not hold for x outside of a neighborhood
of z; (e.g. X; having a density bounded away from zero and infinity), we need a slightly
different argument to show this. The result follows from the following lemmas, which are

proved in the proof of the general result in Section C.1.

Lemma A.4. Under Assumptions 3.1 and 3.2, for any n > 0, there exists some B > 0 such
that EY;1(s < X; <s+t) > BP(s < X; < s+t) for all (s,t) with ||(s — xo,t)|| > n.

Proof. See Lemma C.4 in Section C.1. O]

Lemma A.5. Let S be any set in R such that, for some > 0 and all (s,t) € S, EY;I(s <

X;<s+t)> HP(S < X; < s+1t). Then, under Assumption 3.2, for any sequence a, — o0
and r <0,

inf n

(s;t)es a, logn

EnY;,jI(S<Xi<S+t)>T‘

with probability approaching 1.
Proof. See Lemma C.5 in Section C.1. [

By Lemma A4, {(s,t)|||(s — x1,t)|| > n} satisfies the conditions of Lemma A.5, so
E,Y, ;I(s < X; < s+t) converges to zero at a n/(a,logn) rate for any a,, — oo, which can

d+2)/(d+4)

be made faster than the nl rate needed for the result. This completes the proof of

Theorem 3.1 for the { = dy = 1 case.
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B Alternative Method for Estimation of the Asymp-

totic Distribution

This section of the appendix describes a method for estimating the asymptotic distribution
by estimating the unknown quantities that determine the distribution. This method can be
used as an alternative to the subsampling based method described in the main text. Section
B.1 shows how the asymptotic distribution can be estimated when Assumption 3.1 is known
to hold, with known contact points {zi,...,2z,}. Section B.2 embeds this estimate in a
procedure with a pre-test for Assumption 3.1 and estimation of the contact points. Proofs

are given in Section C.6.

B.1 Estimation of the Asymptotic Distribution Under Assump-
tion 3.1

As an alternative to subsampling based estimates, note that the asymptotic distribution in
Theorem 3.1 depends on the underlying distribution only through the set Xy and, for points
Ty in Xp, the density fx (), the conditional second moment matrix £ (m s (Wi, 0)m g (W5, 0)'| X =
xy), and the second derivative matrix V' (xy) of the conditional mean. Thus, with consistent
estimates of these objects, we can estimate the distribution in Theorem 3.1 by replacing these
objects with their consistent estimates and simulating from the corresponding distribution.
In order to accommodate different methods of estimating fx (xx), E(m.u) (Wi, @)muy (Wi, 0)'| X =
xy), and V (zy), I state the consistency of these estimators as a high level condition, and show
that the procedure works as long as these estimators are consistent. Since these objects only
appear as E(m (Wi, 0)myuy (Wi, 0)'| X = xi) fx(20) and fx(xx)V (x)) in the asymptotic

distribution, we actually only need consistent estimates of these objects.

Assumption B.1. The estimates My, (x1,), fx(xx), and V(zx) satisfy fx(xe)V(zp) = fx(zr)V (x3)

For k from 1 to £, let Gpg, (s,t) and jpg, (s,t) be the random process and mean function
defined in the same way as Gpg, (s,t) and gpg, (s,t), but with the estimated quantities

replacing the true quantities. We estimate the distribution of Z defined to have jth element

7 = . 'fo~,t e (S, t
’ ms.{.n;gj(k)(&tl)%ﬂ@d P, kv]<s )+gP, kJ(S )
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using the distribution of Z defined to have jth element

2= k s.tr.njigJ(k) ||(s,§)rﬁngn Gras(5:1) + Gran(5,1)

for some sequence B,, going to infinity. The convergence of the distribution Z to the dis-
tribution of Z is in the sense of conditional weak convergence in probability often used in
proofs of the validity of the bootstrap (see, for example, Lehmann and Romano, 2005).
From this, it follows that tests that replace the quantiles of S(Z) with the quantiles of S(Z)
are asymptotically exact under the conditions that guarantee the continuity of the limiting

distribution.

Theorem B.1. Under Assumption B.1, p(Z, Z) L 0 where p is any metric on probability

distributions that metrizes weak convergence.

Corollary B.1. Let §;_, be the 1 — a quantile of S(Z) Then, under Assumptions 3.1, 3.2,
8.3, 4.1, 4.2, and B.1, the test that rejects when n\dx+2/AxFDS(T (0)) > G,_, and fails to

reject otherwise is an asymptotically exact level o test.

If the set Ay is known, the quantities needed to compute Z can be estimated consistently
using standard methods for nonparametric estimation of densities, conditional moments,
and their derivatives. However, typically &; is not known, and the researcher will not
even want to impose that this set is finite. In Section B.2, I propose methods for testing
Assumption 3.1 and estimating the set X under weaker conditions on the smoothness of the
conditional mean. These conditions allow for both the n(?x*2)/(dx+4) asymptotics that arise
from Assumption 3.1 and the y/n asymptotics that arise from a positive probability contact

set.

B.2 Pretest and Estimation with Unknown Contact Points

I make the following assumptions on the conditional mean and the distribution of X;. These
conditions are used to estimate the second derivatives of m(0,x) = E(m;(W;,0)|X; = z),
and the results are stated for local polynomial estimates. The conditions and results here
are from Ichimura and Todd (2007). Other nonparametric estimators of conditional means
and their derivatives and conditions for uniform convergence of such estimators could be
used instead. The results in this section related to testing Assumption 3.1 are stated for
m;(W;,0) for a fixed index j. The consistency of a procedure that combines these tests for

each j then follows from the consistency of the test for each j.
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Assumption B.2. The third derivatives of m;(0,x) with respect to x are Lipschitz contin-

uwous and uniformly bounded.

Assumption B.3. X; has a uniformly continuous density fx such that, for some compact
set D € RY, inf,ep fx(x) > 0, and E(m;(W;,0)|X;) is bounded away from zero outside of
D.

Assumption B.4. The conditional density of X; given m;(W;,0) exists and is uniformly
bounded.

Note that Assumption B.4 is on the density of X; given m;(WV;, ), and not the other way
around, so that, for example, count data for the dependent variable in an interval regression
is okay.

Let X7 be the set of minimizers of m;(6,z) if this function is less than or equal to 0 for
some = and the empty set otherwise. In order to test Assumption 3.1, I first note that, if the
conditional mean is smooth, the positive definiteness of the second derivative matrix on the
contact set will imply that the contact set is finite. This reduces the problem to determining
whether the second derivative matrix is positive definite on the set of minimizers of m;(0, z),
a problem similar to testing local identification conditions in nonlinear models (see Wright,

2003). I record this observation in the following lemma.

Lemma B.1. Under Assumptions B.2 and B.3, if the second derivative matriz of E(m;(W;, 0)|X; =

) is strictly positive definite on X7, then X must be finite.

According to Lemma B.1, once we know that the second derivative matrix of E(m;(W;, 0)|X;)
is positive definite on the set of minimizers E(m;(W;, §)|X;), the conditions of Theorem 3.1
will hold. This reduces the problem to testing the conditions of the lemma. One simple way
of doing this is to take a preliminary estimate of Xg that contains this set with probability
approaching one, and then test whether the second derivative matrix of E(m;(W;,0)|X;) is
positive definite on this set. In what follows, I describe an approach based on local poly-
nomial regression estimates of the conditional mean and its second derivatives, but other
methods of estimating the conditional mean would work under appropriate conditions. The
methods require knowledge of a set D satisfying Assumption B.3. This set could be chosen
with another preliminary test, an extension which I do not pursue.

Under the conditions above, we can estimate m; (6, z) and its derivatives at a given point
x with a local second order polynomial regression estimator defined as follows. For a kernel

function K and a bandwidth parameter h, run a regression of m;(W;,6) on a second order
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polynomial of X;, weighted by the distance of X; from = by K((X —x)/h). That is, for each

j and any =z, define m; (6, z), Bj(x), and ‘A/j(x) to be the values of m, 3, and V' that minimize
1 2

The pre-test uses 71;(6, x) as an estimate of (0, z) and V;(z) as an estimate of V;(z).
The following theorem, taken from Ichimura and Todd (2007, Theorem 4.1), gives rates

of convergence for these estimates of the conditional mean and its second derivatives that

will be used to estimate &7 and V;(x) as described above. The theorem uses an additional

assumption on the kernel K.

Assumption B.5. The kernel function K is bounded, has compact support, and satisfies,
for some C and for any 0 < ji +---+ 4, <5, [ul' - - uir K(u) —v]' -0l K(v)| < Cllu—.

Theorem B.2. Under iid data and Assumptions 3.2, B.2, B.3, B.4, and B.5,

sup
zeD

Vi) = Viral)| = Oy((logn/ (b)) + 0, (h)

for all v and s, where Vj,4 is the r, s element of V;, and

sup [1m; (0, ) — 1m;(0,2)| = Op((log n/(nh®™))"/?) + Op(h?).

zeD

For both the conditional mean and the derivative, the first term in the asymptotic order
of convergence is the variance term and the second is the bias term. The optimal choice of
h sets both of these to be the same order, and is h,, = (logn/n)Y(@x+6) in both cases. This
gives a (logn/n)'/(@x+6) rate of convergence for the second derivative, and a (log n/n)3/(4x+6)
rate of convergence for the conditional mean. However, any choice of h such that both terms
go to zero can be used.

In order to test the conditions of Lemma B.1, we can use the following procedure. For
some sequence a, growing to infinity such that a,[(logn/(nh®))"/2 v h%] converges to zero,
let X = {x € D|m;(0,z)— (infyep m;(0,2')A0)| < [an(logn/(nh®))/2vh3]}. By Theorem
B.2, 225 will contain Xg with probability approaching one. Thus, if we can determine that
V;(z) is positive definite on 283 , then, asymptotically, we will know that V;(x) is positive
definite on Ay. Note that A is an estimate of the set of minimizers of m;(z,6) over z if
the moment inequality binds or fails to hold, and is eventually equal to the empty set if the

moment inequality is slack.
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Since the determinant is a differentiable map from R% to R, the @, ((logn/(nh®x4))1/2)+
O,(h) rate of uniform convergence for V;(z) translates to the same (or faster) rate of conver-
gence for det V(z). If, for some zq € XJ, Vi(xo) is not positive definite, then V;(z,) will be
singular (the second derivative matrix at an interior minimum must be positive semidefinite
if the second derivatives are continuous in a neighborhood of zy), and det V;(zq) will be zero.
Thus, inf, _ ¢ det Vi(z) < det Vj(zo) = Op((logn/(nh®+4))1/2) 4 O, (h) where the inequality
holds with probability approaching one. Thus, letting b, be any sequence going to infinity
such that b,[(logn/(nh?x+4))1/2 v/ h] converges to zero, if Vj(zy) is not positive definite for
some x € XJ, we will have inf, 5 det Vi(z) < by[(logn/(nh®+4))1/2 v/ h] with probability
approaching one (actually, since we are only dealing with the point xy, we can use results
for pointwise convergence of the second derivative of the conditional mean, so the logn term
can be replaced by a constant, but I use the uniform convergence results for simplicity).

Now, suppose Vj(z) is positive definite for all z € X]. By Lemma B.1, we will have,
for some B > 0, det Vj(x) > B for all z € &J. By continuity of V;(z), we will also have,
for some & > 0, det Vj(z) > B/2 for all z € X" where ] = {x\infz,exg |z — || < e}
is the e-expansion of Xg. Since )Eg C Xg ° with probability approaching one, we will also
have inf __ o det V;(z) > B/2 with probability approaching one. Since det V;(z) — det V;(z)
uniformly over D, we will then have inf g det Vi(z) > bp[(logn/(nh®™>T4)/2 v k] with
probability approaching one.

This gives the following theorem.

Theorem B.3. Let V;(x) and m;(6, x) be the local second order polynomial estimates defined
with some kernel K with h such that the rate of convergence terms in Theorem B.2 go to
zero. Let XJ be defined as above with a,[(logn/(nh®™ )2V k3] going to zero and a, going
to infinity, and let b, be any sequence going to infinity such that b,[(logn/(nhdx+4))1/2 v/ b
goes to zero. Suppose that Assumptions 3.2, B.2, B.3, B.J, and B.5, hold, and the null
hypothesis holds with E(m(W;,0)m(W;,0)|X; = x) continuous and the data are iid. Then,
if Assumption 3.1 holds, we will have inf, s, det Vi(z) > byul(logn/(nh®™>T)Y/2 v h] for
each j with probability approaching one. If Assumption 3.1 does not hold, we will have
inf, ¢ ps det Vi(z) < b,[(logn/(nh®+")12/ h] for some j with probability approaching one.

The purpose of this test of Assumption 3.1 is as a preliminary consistent test in a pro-
cedure that uses the asymptotic approximation in Theorem 3.1 if the test finds evidence in
favor of Assumption 3.1, and uses the methods that are robust to different types of contact
sets, but possibly conservative, such as those described in Andrews and Shi (2013), otherwise.

It follows from Theorem B.3 that such a procedure will have the correct size asymptotically.
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Consider the following test. For some b, — oo and h — 0 satisfying the conditions
of Theorem B.3, perform a pre-test that finds evidence in favor of Assumption 3.1 iff.
inf,_ 5 det Vj(z) > by[(logn/(nh®x*4)Y/2 v h] for each j. If Xy = @, do not reject the
null hypothesis that ¢ € ©¢. If inf _; det Vi(z) > by[(logn/(nh®+4))1/2 v h] for each j,
reject the null hypothesis that 8 € Qg if n(dx+2/(Ax+)g(T (0)) > G,_, where §;_, is an
estimate of the 1 — o quantile of the distribution of S(Z) formed using one of the methods
in Section 4 or Section B.1. If inf g det Vi(z) < bu[(logn/(nh?x+4))1/2 v/ h] for some j,
perform any (possibly conservative) asymptotically level « test.

In the statement of the following theorem, it is understood that Assumptions 4.1 and
B.1, which refer to objects in Assumption 3.1, do not need to hold if the data generating

process is such that Assumption 3.1 does not hold.

Theorem B.4. Suppose that Assumptions 3.2, 8.3, 4.1, 4.2, B.2, B.3, B.}, and B.5 hold,
Em(W;,0)m(W;,0)|X; = x) is continuous, and the data are iid. Then the test given above
provides an asymptotically level o test of 6 € ©q if the subsampling procedure is used or
if Assumption B.1 holds and the procedure based on estimating the asymptotic distribution

directly is used. If Assumption 3.1 holds, this test is asymptotically exact.

The estimates used for this pre-test can also be used to construct estimates of the quanti-
ties in Assumption B.1 that satisfy the consistency requirements of this assumption. Suppose
that we have estimates M(z), fx(z), and V(z) of E(m(W;, 0)m(W;,0)|X = ), fx(z), and
V(z) that are consistent uniformly over z in a neighborhood of Xy. Then, if we have es-
timates of Xy and J(k), we can estimate the quantities in Assumption B.1 using Mk(xk),
fx (xk), and V(;Ek) for each xj in the estimate of X, where Mk(.rk) is a sparse version of
M (x},) with elements with indices not in the estimate of .J(k) set to zero.

The estimate X, contains infinitely many points, so it will not work for this purpose.
Instead, define the estimate X, of X, and the estimate J (k) of J(k) as follows. Let a, be as
in Theorem B.3, and let &5 — 0 more slowly than a,[(log n/(nh®))/2 v h3. Let éj be the
smallest number such that X7 C UijleEn (%) for some Z;1,..., j4,- Define an equivalence
relation ~ on the set {(j,k)|1 < j <dy,1 <k <{;} by (j, k) ~ (5, k') iff. there is a sequence
(4, k) = (J1, k1), (Jas k2), - - -, (4r, kr) = (§', k') such that B., (2, k,) N Be, (£, k) 7 0 for s
from 1 to r — 1. Let ¢ be the number of equivalence classes, and, for each equivalence class,
pick exactly one (j, k) in the equivalence class and let Z, = &, for some r between 1 and /.
Define the estimate of the set X, to be /'\?0 = {Zi,...,%;}, and define the estimate j(r) for
7 from 1 to £ to be the set of indices j for which some (7,k) is in the same equivalence class

as T,.
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Although these estimates of Ay, ¢, and J(1),...,J(¢) require some cumbersome notation
to define, the intuition behind them is simple. Starting with the initial estimates /"Ej, turn
these sets into discrete sets of points by taking the centers of balls that contain the sets 22]
and converge at a slower rate. This gives estimates of the points at which the conditional
moment inequality indexed by 7 binds for each 7, but to estimate the asymptotic distribution
in Theorem 3.1, we also need to determine which components, if any, of m(6,x) bind at the
same value of x. The procedure described above does this by testing whether the balls used
to form the estimated contact points for each index of m (0, z) intersect across indices.

The following theorem shows that this is a consistent estimate of the set Ay and the

indices of the binding moments.

Theorem B.5. Suppose that Assumptions 3.1, B.2, B.3, B.4, and B.5 hold. For the esti-
mates Xy, (¢ and j(r), ¢ = 0 with probability approaching one and, for some labeling of the
indices of T1,...,T; we have, for k from 1 to £, Ty B 2 and, with probability approaching

one, J(k) = J(k).

An immediate consequence of this is that this estimate of X can be used in combination
with consistent estimates of E(m(W;, )m(W;,0)'|X = x), fx(x), and V() to form estimates
of these functions evaluated at points in Xy that satisfy the assumptions needed for the

procedure for estimating the asymptotic distribution described in Section 4.

Corollary B.2. If the estimates My (), fx(x), and V(z) are consistent uniformly over x in
a neighborhood of Xy, then, under Assumptions 3.1, B.2, B.3, B.4, and B.5, the estimates
Mk(i*k), fx(ik), and ‘A/](isk) satisfy Assumption B.1.

C Proofs

This section of the appendix contains proofs of the theorems in this paper. The proofs are
organized into subsections according to the section containing the theorem in the body of the
paper. In cases where a result follows immediately from other theorems or arguments in the
body of the paper, I omit a separate proof. Statements involving convergence in distribution
in which random elements in the converging sequence are not measurable with respect to the
relevant Borel sigma algebra are in the sense of outer weak convergence (see van der Vaart
and Wellner, 1996). For notational convenience, I use d = dx throughout this section of the

appendix.
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C.1 Asymptotic Distribution of the KS Statistic

In this subsection of the appendix, I prove Theorem 3.1. This generalizes the proof for the
¢ = dy =1 case in Section A, and much of this proof is taken verbatim from the proof in that
section, with appropriate notational changes. For notational convenience, let Y; = m(W;, 0)
and Y jom) = Myim) (Wi, 0) and let d = dx and k = dy throughout this subsection.

The asymptotic distribution comes from the behavior of the objective function E,,Y; ;I(s <
X; < s+1t) for (s,t) near x,, such that j € J(m). The bulk of the proof involves show-
ing that the objective function doesn’t matter for (s,¢) outside of neighborhoods of z,, with
j € J(m) where these neighborhoods shrink at a fast enough rate. First, I derive the limiting

distribution over such shrinking neighborhoods and the rate at which they shrink.

Theorem C.1. Let h, = n=® for some 0 < o < 1/d. Let

G,y (8,1) = hT\/Z(En — E)Y, o)l (hns < X; — &y < hy(s + 1))

and let gy s, (s,t) have jth element

1
gn,xm,j(s, t) = WE}/@,]I(hnS < Xz — Ty < hn(S + t))

if 5 € J(m) and zero otherwise. Then, for any finite M, (G4 (5,t), ..., Gy, (8,1)) 2
(Gpay(s,t),...,Gpy,(s,t)) taken as random processes on ||(s,t)|| < M with the supremum
norm and gp. (S, t) = gpz,, (s,t) uniformly in ||(s,t)|| < M where Gpy,, (s,t) and gpa,, (s, t)

are defined as in Theorem 3.1 for m from 1 to /.

Proof. The convergence in distribution in the first statement follows from verifying the con-
ditions of Theorem 2.11.22 in van der Vaart and Wellner (1996). To derive the covariance

kernel, note that

cov(Gy s, (5,1), Gpa,, (', 1))
= h;dE}/N(m)Yi’,J(m)I {ho(sVs)< X —xpn <h,[(s+t)A(s+1)]}
— by {EY; o)L [hns < X — 2 < hy(s + 1))} {EY] jom I hns' < X — @y < hy(s' + )]} .

The second term goes to zero as n — oo. The first is equal to the claimed covariance kernel
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plus the error term

h*d

/ [EYiamm)Yi som)| X = 2) fx(2) = E(Yiy0m)Y] 50m)| X = ) fx (2m)] dz,
hn(sVs') <z—xm<hp[(s+t)A(s'+1")]

which is bounded by

{ max (B )Y jom)| X = ) fx () = E(Yi 500 Y7 1) | X = @) fx (@)] }

lz—2m||<2hn M

X h? / dx
hn(sVs') <x—xm <hn[(s+t)A(s'+t")]

—{ s, O Vol X = 2)5(0) = B ¥l X = ) o)

[lz—2m || <2hn M

X / dz.
(sVs')<x—zm <(s+t)A(s'+1')

This goes to zero as n — oo by continuity of E(}/;'7J(m)}/if](m)|X =) and fx(z). Form #r
and ||(s,t)|| < M, ||(s",)|| < M, cov(Gyz,,(5,1), Gy, (8, 1)) is eventually equal to

which goes to zero, so the processes for different elements of X are independent as claimed.
For the claim regarding gy ., (s,t), first note that the assumptions imply that, for j €
J(m), the first derivative of x — E(Y; ;| X = x) at x = x,, is 0, and that this function has a

second order Taylor expansion:
1
E(Yiy|X = 2) = 5z = 2m) Vi(@m) (& = 2n) + Ba()
where
1 / * ]‘ !/
Ra(z) = 5(2 = 2m) V(@™ (@))(@ = 2m) = 5 (2 = ) Vi(2m) (@ — 21)

and V;(z*) is the second derivative matrix evaluated at some z*(x) between z,, and x.
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We have

1
o000 G [, l? 2 N T

1 /
o m Ve - m)lf) - Sl ds

: /
+— R,(x)fx(z)dx.
hd+2 hns<T—Tm <hn(s+t)

n

The first term is equal to gpg,, j(s,t) by a change of variable z to h,z + x,, in the integral.
The second term is bounded by gp,, j(5,t) SUD |y, <2, v [fx () = fx ()] / fx (%), which
goes to zero uniformly in ||(s,t)|| < M by continuity of fy. The third term is equal to (using

the same change of variables)

1
- / [2'Vj(x* (hpx + zp))x — &'Vi(xm) 2] fx (hpx + ) da.
s<x<s+t

2
This is bounded by a constant times sup, < ['Vj(2* (hn® +21)) 2 — 2'Vj(,,) 2|, which goes

to zero as n — oo by continuity of the second derivatives. O]

Thus, if we let h, be such that v/n/h%* = 1/hi+? <= h, = n~V/@+4 and scale up by
Vi/hY? = 1/h32 = p(d+2)/(@+9) e will have

n(d+2)/(d+4)(EnY;,J(U[(hnS <X-—-x< hn(s + t)), cey EnY;,J(g)[(hnS <X—-x< hn(S + t))
== (Gn,xl (87 t) + gn,:vl (SJ t)’ A 7Gn,$g<87 t) + gn,xg<57 t))
A Gy (5,8) + gpar (5,1), -+, G (5,) + Gpann (5,1))

taken as stochastic processes in {||(s,?)|| < M} with the supremum norm. From now on, let
hy, = n~ Y@+ 5o that this will hold.

We would like to show that the infimum of these stochastic processes over all of R
converges to the infimum of the limiting process over all of R??, but this does not follow
immediately since we only have uniform convergence on compact sets. Another way of
thinking about this problem is that convergence in distribution in {||(s,t)|| < M} with the
supremum norm for any M implies convergence in distribution in R?? with the topology of
uniform convergence on compact sets (see Kim and Pollard, 1990), but the infimum over all
of R?? is not a continuous mapping on this space since uniform convergence on all compact

sets does not imply convergence of the infimum over all of R??. To get the desired result, the
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following lemma will be useful. The idea is to show that values of (s,t) far away from zero

won’t matter for the limiting distribution, and then use convergence for fixed compact sets.

Lemma C.1. Let H, and Hp be random functions from R¥ to R* such that, (i) for
all M, H, % Hp when H, and Hp are taken as random processes on {t € RM|||t|| <
M} with the supremum norm, (i) for all v < 0, ¢ > 0, there exists an M such that
P (inf‘|t||>M Hp;(t) < r some j) < e and an N such that P (inf||tH>M H, ;(t) <1 some j) <e
for all n > N and (i) inf, H, ;(t) < 0 and inf,Hp;(t) < 0 with probability one. Then
inf,cge Ho (1) -5 inf,cpe, Hp(2).

Proof. First, by the Cramer-Wold device, it suffices to show that, for all w € R*2, w’ inf,cpr, H, (¢) a4
w'inf, cgr, Hp(t). For this, it suffices to show that for all r € R, liminf,, P (v’ inf,cpe, H, () < 1) >
P (w'inf,cpr, Hp(t) < r) and limsup,, P (w'inf,cpe, H,(t) <7r) < P (w'inf,cge, Hp(t) < 7)

since, arguing along the lines of the Portmanteau Lemma, when r is a continuity point of

the limiting distribution, we will have

teRk1 teRF1 teRk1

P <w' inf Hp(t) < r) =P (w’ inf Hp(t) < 7“) < liminf P ( inf H,,( )
<

< liminf P (w' inf H,(t) < r) < limsup P (w’ inf H,(¢) ) <P ( "inf Hp(t) < 7“) .
n teRF1 n teRF1 teRF1

Given € > 0, let M and N be as in the assumptions of the lemma, but with r replaced
by r/(ky max; |w;|). Then

P <w' inf Hp(t) < 7’) <P ((kg max |w;|) inf Hp;(t) < r some j) <e

[t =M ¢l =M

so that P (w'infjy<p Hp(t) < r) 4+ & > P (winf,cpe, Hp(t) < r) and, for n > N,

P <w'| inf H,(t) < 7") <P ((kg max|wi|) 1nf H, ;(t) < r some j) <e

[t =M [t]| =M
so that P (w'infjy<p H,(t) <r) +e > P (w infyer H,o(f) < r). Thus, by convergence in

distribution of the infima over ||t|| < M,

lim inf P (w' inf H,(t) < r> > liminf P (w' inf H,(t) < 7“) > P (w' inf Hp(t) < r>

teRF1 <M

>P (w' inf Hp(t) < 7“) —€

teRk1
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and

lim sup P <w’ inf H,(t) < 7") < limsup P (w’ inf H,(t) < 7“) +e

n tcR*1 n it <M

<P (w’ inf Hp(t) < 7’) +e<P (w’ inf Hp(t) < 7’> +e.

ltl<M teRk1

Since ¢ was arbitrary, this gives the desired result.

Technically, this lemma does not apply to

(Gn,"El (87 t) + gn,:m <S7 t)? R Gn,zg (87 t) + gn,Ze (87 t))

since, for m # r, G4, (5,t) + gna,, (s, 1) evaluated at some increasing values of (s,t) may
actually be equal to Gy, 4, (5", t") + gn s, (5, t') for some small values of (s',t'), since, once the
local indices are large enough, the original indices overlap. Instead, noting that, for any

n >0,
p(d+2)/(d+D) intf E.)YiI(s < X; <s+1)

= min inf  Gua,1(8t) + gna,1(8,t)), ...
(mSt- 1eJ(m) ||(s;t)|1<n/hn ol (8:8) F Gnam 1(5,2))

min in Gna. 5(5,t) + Gna n(s,t
5 A o) g, (52 E) F G i ))

A (n<d+2>/<d+4> inf EYi l(s<Xi<s+t),...,
[[(s—xm,t)||>n all m s.t. 1 € J(m)
pd+2)/(d+4) inf EYirl(s < X; < s+ t))
[(s—zm,t)||>n all m s.t. k € J(m)

= n,l A Zn,27

I show that, for some n > 0, Z, % 0 using a separate argument, and use Lemma C.1 to

show that, for the same 7,

(0f[Grz, (,2) + G (8, OU (| (s, )]} < 0/hn), -, 0 [G () + G (5, )] (| (5, D)} < /)

S

d ;. .
— (lgltf GP,:Bl (57 t) + 9P, (Sv t)7 cey lgltf GP,IZ (57 t) + gpx, (87 t))v

from which it follows that Z, % 7 for Z defined as in Theorem 3.1 by the continuous
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mapping theorem.

Part (i) of Lemma C.1 follows from Theorem C.1 (the I(]|(s,t)|| < n/hy) term does not
change this, since it is equal to one for ||(s,t)|| < M eventually). Part (iii) follows since the
processes involved are equal to zero when t = 0. To verify part (ii), first note that it suffices
to verify part (ii) of the lemma for G, ,,, ;(s,t) + gnun.i(s,t) and Gpg,, ;(s,t) + gpa,..i (s, 1)
for each m and j individually. Part (ii) of the lemma holds trivially for m and j such that
j ¢ J(m), so we need to verify this part of the lemma for m and j such that j € J(m).

The next two lemmas provide bounds that will be used to verify condition (ii) of Lemma
C.1 for Gy, (S, 1) + Gnwn,j(s,t) and Gpg,, j(s,t) + gpg,, (s, t) for m and j with j € J(m).
To do this, the bounds in the lemmas are applied to sequences of sets of (s,t) where the
norm of elements in the set increases with the sequence. The idea is similar to the “peeling”
argument of, for example, Kim and Pollard (1990), but different arguments are required
to deal with values of (s,t) for which, even though ||s|| is large, [[,¢; is small so that the
objective function on average uses only a few observations, which may happen to be negative.
To get bounds on the suprema of the limiting and finite sample processes where ¢ may be
small relative to s, the next two lemmas bound the supremum by a maximum over s in a
finite grid of suprema over ¢ with s fixed, and then use exponential bounds on suprema of

the processes with fixed s.

Lemma C.2. Fizm and j with j € J(m). For some C > 0 that depends only on d, fx(z;)
and E(YZQJ|X = Zp,), we have, for any B>1, >0, w > 0,

P ( sup Gpa,, (s,t)] > w) <2{3B[B/(e A1) + 2}2d exp (—Cw;)

H(Svt)HSani t;<e

for “’?2 greater than some constant that depends only on d, fx(zm) and E(YZ|X = ).

Proof. Let G(s,t) = Gpg,, j(s,t). We have, for any sp < s < s+t < 59+ to,

G(s,t) = G(sg,t + s — s0)

EPIICOEDS

1<j<d 1<y <ig<...<i; <d
G(so, (t1 + 81 = 80,15+ - Liy—1 + Siy—1 = 80,i1—15 iy — 501> Liy+1 T Siy+1 — 50,141,
oy ti—1 i1 — S0,i,—1, 8i; — S0,i;, Lij+1 + Sij41 — 50,41 -+ - td + 84 — S0.d))-

Thus, since there are 2¢ terms in the above display, each with absolute value bounded by
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SUP¢ <, |G(307 t)|a

sup [G(s,1)] < 2sup |G(so,1)] < 2 5up|G(0,1)].
s0<s<s+t<sp+to t<to t<to

Let A be a grid of meshwidth (¢ A1)/B? covering [— B, 2B]?. For any (s,t) with ||(s, )| <

B and [],t; < e, there are sy and ¢, with sg, s +ty € A such that sp < s < s+t < 50+ to,
d .
and [[;to; < [[;(ti + (e A1)/B?) = Zj:o[(*f A1)/ BY 216{1 ,,,,, d},|I|=d—j [Leti < Tt +
d . i d _ . _ . .

> ialent)/BY (dfj)Bd T<eded i BY (dij)Bd 7 < 2%¢. For this sg, tg, we will then
have, by the above display, |G(s,t)| < 2?sup,<,, |G(so, t)|-

This gives

sup [G(s, 1)| < 2 max sup |G (so, )],
l(s,6)|I<B.IT; ti<e s0,50+to€A,T; to,i<2% <t

so that

P ( sup |G(s,t)| > w) < |A]? max P <2d sup |G(so, t)| > w)
ll(st)

I<B,II, ti<e 50,50+t0€A,]]; to,i<2% t<to

s0,50+t0€A,I], to,i<2% t<1

1/2
= |AJ? max P [ 2%sup <H tO,i) |G(0,t)] > w

< |APP (st1<1[1) |G(0,t)| > ﬁw) :
The result then follows using the fact that |A] < {3B[B%/(s A 1)] + Z}d and using Theorem
2.1 (p-43) in Adler (1990) to bound the probability in the last line of the display (the
theorem in Adler (1990) shows that the probability in the above display is bounded by
2 exp(— K w? e+ Kow/e'/?+ K3) for some constants K, Ky, and K3 with K| > 0 that depend
only on d, fx(z,,) and E(Y%|X = x,,) and this expression is less than 2 exp(—(K1/2)w?/¢)
for w? /e greater than some constant that depends only on K, Ky, and K3).

O

Lemma C.3. Fiz m and j with j € J(m). For some C' > 0 that depends only on the
distribution of (X,Y) and some n > 0, we have, for any 1 < B < h 'n, w > 0 and
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e > n @1 4 logn)?,

p( Sip |G i(s5,1)] > w> <2{3B[B"/(e A1)| + 2} exp (O 5 )

H(Svt)HSBvl_.[i t;<e

Proof. Let G, (s,t) = Gy, 4,, j(s,t). By the same argument as in the previous lemma with G

replaced by G,,, we have

sup G (s,1)] < 2%sup |G, (s, 1))
s0<s<s+t<so+to t<to
As in the previous lemma, let A be a grid of meshwidth (¢ A 1)/B? covering [—B,2B]%.
Arguing as in the previous lemma, we have, for any (s,t) with ||(s,t)[| < B and [[;t; <
g, there exists some sg,to with sg, 80 + to € A such that Iity; < 2% and |G,(s,t)| <
2% sup,<, |Gn(s0,t)|. Thus,

sup  [Gu(s,t)] <2 max sup |G, (so,1)]
l(s,0)|<B,IT, ti<e 50,50 +t0€A,[; to,i <24 1<t
=24 max supﬁ(E — E)Y; iI(hnso < Xi — X < hp(so+1))]
50750+t0€A7Hit0,iS2d5 t<to hZ/Q n i,] no0 > 7 m X in 20 .
This gives
P sup |Gn(s, t)] = w
(s.)I<B,[T; ti<2%
< |A? max P 2dsupﬁ|(E — E)Y,; i I(hyso < Xi— @ < hp(so+ 1)) > w
>~ s0,50-H0E AT, tos <2t i<t hﬁ/Q n 1,] no0 = Qg m = ltn{90 = .

We have, for some universal constant K and all n with ¢ > n~%@+9(1 + logn)?, letting
Fo = {(z,y) = yjl(hnso <  — 2 < hy(so+1))|t < to} and defining || - ||py, to be the
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Orlicz norm defined on p.90 of van der Vaart and Wellner (1996) for ¢ (z) = exp(z) — 1,

12¢ sup |va(E, — E) (X0, Y|l ps

fe€Fn

< K | B sup |[VA(B, — E)F(X., Yo)| +n72(1 + logn)[Vig |1 (huso < X, — 2 < ha(so+ to>>r|p,¢1}

feFn
< K I Fo L) { B[V (nso < X = 2 < halso + to)[P}* 40721+ Tog m)[[Y [

< K [T, F ATV h222612 4 07 2(1 4+ Tog ) [V s |

< K [T F AT T22 4 Vil | 0262

The first inequality follows by Theorem 2.14.5 in van der Vaart and Wellner (1996). The
second uses Theorem 2.14.1 in van der Vaart and Wellner (1996). The fourth inequality uses
the fact that he/?e1/2 = p-d/R@+D1/2 > p=1/2(1 4 logn) once eV/? > p~l/2+d/REA+](] 4
logn) = n~#@*(1 4 logn). Since each F, is contained in the larger class F = {(z,y) —
yil(s <x—m < s+1)|(s,t) € R}, we can replace F,, by F on the last line of this display.
Since J(1,F, L?) and ||Y; |4, are finite (F is a VC class and Y;; is bounded), the bound is
equal to C~1e¥/2hY? for a constant C' that depends only on the distribution of (X, ;).
This bound along with Lemma 8.1 in Kosorok (2008) implies

P (gd sup hT\//zKE” — B)Y; i I(hyso < X; — & < hp(so +1))| > w)
<to Ny

= P (24 sup [VA(E, ~ E)(X¥D)] = )
fEFn

/2
<2exp | — whe
= 12¢sup ez, [Vn(E, — E) f(Xi, Y|l Py,

d/2
< 2exp —L = 2exp (—Cw/e'/?)
- C-1hY2c1/2 ’

The result follows using this and the fact that |A] < {3B[B%/(s A 1)] + Q}d. O

The following theorem verifies the part of condition (ii) of Lemma C.1 concerning the

limiting process Gpy,, j(S,t) + gpa,, (S, t).

Theorem C.2. Fiz m and j with j € J(m). For any r <0, ¢ > 0 there exists an M such
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that

P inf me487t—|— xm.s’t S,r < e
((S,t)>M P ’J< ) gp, J( ) )

Proof. Let G(s,t) = Gpy,, j(s,t) and g(s,t) = gpa,..;(s,t). Let S = {k < ||(s,t)]| < k + 1}
and let SF = S, N{],;t; < (k+1)~°} for some fixed §. By Lemma C.2,

P (ianG(s,t) +g(s,t) < r) <P <sup G(s,t)] > m)
SI SL
< 2{3(k + 1)[(k + 1)%/k] + 2} exp (—Cr2(k +1)°)

for k large enough where C' depends only on d. This bound is summable over k.

For any a and 8 with o < 3, let S&7 = S, N {(k+1)* < [1,t: < (k+1)"}. We have, for
some C; > 0 that depends only on d and Vj(z,,), g(s,t) > Ci||(s,¢)||* ], t:- (To see this, note
that g(s,t) is greater than or equal to a constant times fssl1+t1 e f;ﬁtd |z||?dxy- - doy =
(1, ;) S (82 4 t2/3 + sit;), and the sum can be bounded below by a constant times
|(s,%)||* by minimizing over s; for fixed ¢; using calculus. The claimed expression for the
integral follows from evaluating the inner integral to get an expression involving the integral

for d — 1, and then using induction.) Using this and Lemma C.2,

P (infﬁ G(s,t) + g(s,t) < 7“) <P (sup |G(s,t)| > Clk2+a>
S:’ Sg’ﬁ

<2{3(k+1)[(k+1)/((k+1)° A1)] + 2}” exp (—Ccfﬁ) :
(k+1)8
This is summable over k if 4 + 2a — 3 > 0.
Now, note that, since [],;#; < (k + 1) on Sk, we have, for any —6 < oy < ag < ... <
a1 < ap =d, S, = Stu Sk_g’o“ USp ™ U, U S V. If we choose § < 3/2 and
a; =i fori € {1,...,d}, the arguments above will show that the probability of the infimum

being less than or equal to r over SF, S, > and each S{****' is summable over k, so that
P (infg, G(s,t) + g(s,t) <r) is summable over k, so setting M so that the tail of this sum
past M is less than ¢ gives the desired result. O

The following theorem verifies condition (ii) of Lemma C.1 for the sequence of finite
sample processes Gy, . (5, t) + Gnwnj(S,t) with n/h, > ||(s,t)||. As explained above, the
case where n/h, < ||(s,t)|| is handled by a separate argument.

72



Theorem C.3. Fiz m and j with j € J(m). There ezists an n > 0 such that for any r <0,
e > 0, there exists an M and N such that, for alln > N,

<M<(S7t)<n/hn g (5:) F Gn . (5,1)

Proof. Let G, (s,t) = Gy u,, (s, t) and ¢,(s,t) = Gna,,i(s,t). Let n be small enough that
the assumptions hold for ||z — z,,|| < 27 and that, for some constant Cs, E(Y; ;|X; = z) >
Csllz — x,|)? for ||z — ,,]] < 2n. This implies that, for ||(s,t)]] < h,'n,

Cy 9
guls ) > 22 / o — 2l fx (z) da
hfriz+2 hn$<T—Tm <hn(s+t)
> o= mlfde = Cof [ g dey > Gyl ]
et hd+2 m — 2_ d 1 = 3 3 7
n hns<T—Tm <hn(s+t) s<w<s+t P

where C3 is a constant that depends only on f and d and the last inequality follows from
bounding the integral as explained in the proof of the previous theorem.

As in the proof of the previous theorem, let Sy = {k < |[[(s,t)|| < k + 1} and let
St =8, N{[1;t: < (k+1)~°} for some fixed 6. We have, using Lemma C.3,

P (ianGn(S,t) + gn(s,1) < r) <P (sup Gal(s, )] = m)
Si S

_ 2d r
<2{3(k+D[(k+1)"/k™°] +2} " exp (—CW)
for (k4 1) > n= 4@ (1 4 logn)? <= k + 1 < /P14 logn) =%/ so, if § < 4, this
will hold eventually for all (k + 1) < h;'n (once h'n < n*/BE@+D(1 4 1ogn)=2/% <= n <
n@/0=D/(d+4)(1 4 1og n)~2/%). The bound is summable over k for any § > 0.
Again following the proof of the previous theorem, for a < 3, define S,':’B =SeN{(k+
1) < TI;t: < (k+1)°}. We have, again using Lemma C.3,

P (inf Gn(s,t) + gn(s,t) < 7“) <P (sup |G, (s,t)| > Cgk2+o‘>

B
S;: S;:’ﬁ

S 2 {3<k + 1)[<k' + 1)d/(k0‘ A 1)} + 2}2d exp (_C’ 03k2+a )

(k+1)8/2

for (k +1)% > n=4(@+49 (which will hold once the same inequality holds for § for —6 < 3)
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and k + 1 < h'n. The bound is summable over k for any «, 8 with 4 + 2a — 8 > 0.
Thus, noting as in the previous theorem that, for any —0 < oy < as < ... < ay_1 < ay =
d, Sy = SFUS U Sy, USH Y if we choose § < 3/2 and a; =i fori € {1,...,d}
the probability of the infimum being less than or equal to r over the sets indexed by k
for any k < h;'n is bounded uniformly in n by a sequence that is summable over k (once
n < nWo=D/d+4) (1 4 logn)~2/%). Thus, if we choose M such that the tail of this sum past
M is less than ¢ and let N be large enough so that n < N@/0=D/(d+4) (1 4+ 1og N)~2/% we will
have the desired result.
O

To complete the proof of Theorem 3.1, we need to show that

Tno = (n<d+2>/<d+4> inf EYil(s< X; <s+t),...,
[[(s—zm,t)||>n all m s.t. 1 € J(m)
pld+2)/(d+4) inf E.)Yi I(s < X;<s+ t)> 20.
[[(s—zm,t)||>n all m s.t. k € J(m)

This follows from the next two lemmas.

Lemma C.4. Under Assumptions 3.1 and 3.2, for any n > 0, there exists some B > 0 such
that EY; ;1(s < X; < s+1t) > BP(s < X; < s+t) for all (s,t) with ||(s — 2, t)|| > n for all
m with j € J(m).

Proof. Given n > 0, we can make n smaller without weakening the result, so let n be
small enough that ||z,, — z,||c > 2n for all m # r with j € J(m) N J(r) and fx satisfies
0< f< fx(z) < f < ooforsome fand f on {z|[|z =zl < 0} I ||(s — 2, t)]| >,
then ||(s — zy, s + 1 — ) ||oo > 1n/(4d), so it suffices to show that EY; ;I(s < X; <s+1t) >
BP(s < X; < s+1) for all (s,t) with ||(s — 2, s+t — )|l > 1/(4d). Let p > 0 be such
that E(Y;;|X; = 2) > p when ||z — 2,,[|c > n/(8d) for m with j € J(m). For notational
convenience, let 0 = n/(4d).

For m with j € J(m), let B(z,d) = {z|||lr — zm||ec < 0} and B(z,0/2) = {z|||z —
Tmlloo < 0/2}. First, I show that, for any (s,t) with ||(s— 2, s+t—2m) |l > 0, P({s < X; <
§+ t} N B(@m, 0)\B(xm,6/2)) > (1/3)(f//)P({s < Xi < s+ t} N B(xn,6/2)). Intuitively,
this holds because, taking any box with a corner outside of B(x,,,d), this box has to intersect
with a substantial proportion of B(x,,,)\B(x,,d/2) in order to intersect with B(x,,,d/2).

Formally, we have {s <z < s+t} N B(x,,0) = {sV (2, =) <z < (s+t) A (2, +0)}, so
that, letting A be the Lebesgue measure on R% A\({s < z < s+t}NB(zm,0)) = [LI(si+t:) A
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(i +0) — 8V (2p; —6)]. Similarly, A({s < < s+t}NB(x,6/2)) = [L[(si +t:) A (2, +
0/2)—siV(xm;—06/2)]. Forall i, [(s;+t;) AN (@mi+0/2) =8V (Xmi—3/2)] < [(si+t:) A (@mi+
0)—5;V (Tm,i—0)]. For some r, we must have s, < x,,,,—9 or s, +t, > x,,,+0. For this r, we
will have [(s, +t,) A (T +0/2) =8,V (T —0/2)] < 2[(8p+1) ATy +0) — 50V (T — )] /3.
Thus, A({s <z < s+t} N B(xm,0/2)) <2 \({s <x < s+ t} N B(x,;,,0))/3. It then follows
that A\({s < z < s+ t} N B(xym, ) \B(xm,d/2)) > (1/3)A{s < © < s+ t} N B(xy,9)), so
that P({s <z < s+t} N B(xp,0)\B(zm,6/2)) > (1/3)(f/f)P({s <z < s+t} N Bz, ).

Now, we use the fact that E(Y;;|X;) is bounded away from zero outside of B(z,,,0/2),
and that the proportion of {s < z < s+ t} that intersects with B(z,,,d/2) can’t be too
large. We have, for any (s,t) with [[(s — Zpm, s+t — Tp) |l > 6,

EY;l(s < X; <s+1t) > puP({s < X; < s+ t}\[UnB(zm,/2)])
= puP({s < X; < s+ t}\[UnB(zm,0)]) +EZP({3 < X; <s+t}NB(xm,, ) \B(xm,§/2))

> uP({s < Xi < s+ t}\[UnB(7pm,0)]) —|—HZ(1/3)(i/?)P({s < X; <s+t}nB(xp,,0))

> u(1/3)(f/F)P(s < X; < s +1)

=

where the unions are taken over m such that j € J(m). The equality in the second line

follows because the sets B(z,,,d) are disjoint.
[

Lemma C.5. Let S be any set in R* such that, for some p > 0 and all (s,t) € S,EY; ;1(s <

Xi<s+t)>puP(s < X; <s+t). Then, under Assumption 5.2, for any sequence a, — 00
and r <0,

inf n

(s;t)es a, logn

E)Y I(s<X;<s+t)>r

with probability approaching 1.
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Proof. For (s,t) € S,

n

EY;iI(s<X;<s+t)<r
a, logn
n

E,—E)Y, . I(s< X; < t)y <r—
anlogn( JYisl(s st s a, logn

<r-— 1 pP(s < X; <s+t)< —<|r|V " pP(s < X; <s+t)
a, logn=— a, logn=—

EY;J](S < X; < S+t)

1/2
(B, — E)Yi;I(s < Xi < 5 +1)]

an logn
e n
[(MI#VP<8<XZ- <s+t)
1/2

{ {a"lzg”yrﬂ V [uP(s < X; < s +1)] } .

an logn
n

- [W%VP(3<Xi<s+t)

If 28" > P(s < X; < s+1t), then the last line is greater than or equal to “=%8%|p|. If

n

an logn 1/2
anl% < P(s < X; < s+t), the last line is greater than or equal to [P(s<+g<s+t)} uP(s <
X;i<s+t)= (‘“‘1%)1/2;_L\/P(5 < X; <s+1t) > pelEn Thys,
P< inf ——— B,V (s < X; < s +1) §r>
(s,)es ay, logn ’
gnlogn i a,logn

S P Sup an logn
(stes | BV P(s < X; < s+1t)

(B, — E)Yi I(s < X; < s+)| > (] A p)

n

This converges to zero by Theorem 37 in Pollard (1984) with, in the notation of that theorem,

F,, the class of functions of the form

1/2
Y;"J‘I<S < X; < S+t>

an logn
n

Viamlosn \ ps < X, < 5+ 1)

an logn

1/2
with (s,t) € S, 6, = < " ) and «,, = 1. To verify the conditions of the lemma, the
covering number bound holds because each F,, is contained in the larger class F of functions
of the form wY;;I(s < X; < s +t) where (s,t) ranges over S and w ranges over R, and

this larger class is a VC subgraph class. The supremum bound on functions in F,, holds by
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Assumption 3.2. To verify the bound on the L? norm of functions in F,,, note that

2

an logn 1/2
E — % Y;]](S<XZ<S+t)
an logn i
Y P8Ry P(s < X; < s+t)
—anlsg" a,logn )
< — P(s< X, <s+T)< =0,
mOER NV P(s < X; < s+1) n

since ab/(a V b) < a for any a,b > 0.
O]

By Lemma C.4, {||(s =z, t)|| > n all m s.t. j € J(m)} satisfies the conditions of Lemma
C.5, s0 E,Y; ;I(s < X; < s+ t) converges to zero at a n/(a,logn) rate for any a, — oo,
which can be made faster than the n(#2/(d+4) rate needed to show that Zn2 2 0. This

completes the proof of Theorem 3.1.

C.2 Inference

I use the following lemma in the proof of Theorem 4.1

Lemma C.6. Let H be a Gaussian random process with sample paths that are almost surely
in the set C'(T,R¥) of continuous functions with respect to some semimetric on the index set
T with a countable dense subset Ty. Then, for any set A € R* with Lebesgue measure zero,
P(inf,er H(t) € A) < P(infier det varm())<e H(t) € A for all e > 0).

Proof. First, note that, if the infimum over T is in A, then, since {t € T|det var(H(t)) > ¢}
and {t € T|detvar(H(t)) < e} partition 7, the infimum over one of these sets must be in
A. By Proposition 3.2 in Pitt and Tran (1979), the infimum of H(¢) over the former set
has a distribution that is continuous with respect to the Lebesgue measure, so the proba-
bility of the infimum of H(t) over this set being in A is zero. Thus, P (infcr H(t) € A) <
P (inftemdet var(H(t)<e H(t) € A). Taking € to zero along a countable sequence gives the result.

O

Proof of Theorem 4.1. For m from 1 to ¢, let {jm1,...,Jm,|s@m)} = J(m). Then, letting

Z E(isntf Gparjii (5,1) + Gpayjia (8:1), - .. ,isntf GPar i, ) (s,t) + 9P s 00y (s,t),...,

l?tf GP@ZJ@,I (57 t) + IPay,jes (Sa t)> R lgltf GP@ZJZ,\J(Z)\ (87 t) + IPar,je, ()| (S’ t))v
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each element of Z is the minimum of the elements of some subvector of Z, where the subvec-
tors corresponding to different elements of Z do not overlap. Thus, it suffices to show that

Z has an absolutely continuous distribution. For this, it suffices to show that, for each m,
(l?tf Gp,wm,jm,l (37 t) t 9Pz jm (8’ t)? AR lgltf GP@mvjm,\J(m)\ (87 t) + IP@mjm,| 5 (m)| (8’ t))

has an absolutely continuous distribution, since these are independent across m.
To this end, fix m and let H(s, ¢) be the random process with sample paths in C'(R??, RI7(™)])
defined by

H(57 t) = (GP,fEme,l (Sv t) t 9Pwm jm, (57 t), R GP,mem,u(m)\ (87 t) + 9Pz i, |7 (m)| (57 t))

By Assumption 4.1 var(H(s,t)) = M [],t; for some positive definite matrix M, so that
det var(H(s, t)) = (det M) (T], )™ Thus, inf (s ) er2d det var (B (s,t) < HI(S, 1) € A for all e >0
iff. inf (s eroa gy, 1,<c H(s, t) € A for all € > 0 so, by Lemma C.6, P(inf (,;)cpee H(s, t) € A) <
P(inf(, yyeroa 1, 1,<c H(s, t) € Afor all e > 0). For each j, [[;t: is equal to var(Hy(s,t)) =
p;(0,(s,t)) times some constant, where p; is the covariance semimetric for component j
given by p;((s,t), (s',t")) = var(H,(s,t) — H;(s',t')). Thus, there exists a constant C' such
that J[,#; < e implies p;(0, (s,t)) < Ce for all j, so that P(inf(,ecrea H(s,t) € A) <
P(inf (g pyer2a o, (0,(s,0))<Ce at j H(s,t) € A for all € > 0).

Since the sample paths of H are almost surely continuous with respect to the semimetric
max; p;((s,t), (s',t")) on theset ||(s,t)|| < M for any finite M, inf( ) <rs,p;(0,(s,t))<Ce an j H(s,t) €
A for all £ > 0 implies that H(0) = 0 is a limit point of A on this probability one set. Thus,
for any set A that does not have zero as a limit point, P(inf s <m H(s, t) € A) = 0 for any
finite M. Applying this to A\B,(0) where B,(0) is the n-ball around 0 in R we have

s,t)€R2d

P ( inf H(s,t) € A) =P ( inf H(s,t) € AN Bn(O)) + P < inf H(s,t) € A\Bn(O))
(s,t)ER2d (s,t)eR2d (

gP(Hﬁ H@weAﬂ&m0+P<Hﬁ H@weAumm>

5,t)ER2d s,it)[[<M

+P<Hﬁ H@weAumm)

s,t)||>M

:p(ﬁm H@ﬂeAﬂ&w0+P<iﬁ H@ﬁeAVMm)

s,t)ER2d ll(s,0)[[>M

Noting that P (inf)(s > H(s, t) € A\B,(0)) can be made arbitrarily small by making M

78



large, this shows that P (inf(,,)cpea H(s, t) € A) = P (inf, ;cpea H(s, t) € AN B, (0)) Tak-
ing n to zero along a countable sequence, this shows that P (inf(si)ede H(s,t) € A) <
P (inf(s,t)ede H(s,t) € AN {0}) so that inf g ycr2a H(s,t) has an absolutely continuous dis-
tribution with a possible atom at zero.

To show that there can be no atom at zero, we argue as follows. Fix j € J(m). The
component of H corresponding to this jis Gpy,, ;(S,t)+9pas,..; (s, t). For some constant K, for
any k > 0, letting s; , = (i/k,0,...,0) and t;, = (1/k,1,...,1), we will have gp,, ;(Sik, tr) <
K/k for i <k, so that

P ( inf  Gpa,..i(s,t) + gpun.i(s,t) = 0) =P (( inf Gpy, i(5t)+ gpa,.;(s,t) > O)

(s,t)eR24 s,t)eR2

IN

P (Gpa, j(Sikstr) + gpami(Sints) > 0 all i € {0,...,k})
P(Gpa, (i tr) + K/k>0alli€{0,...,k})
P
P

IN

(VEG i (s ts) + K/VE > 0 all i € {0,.... k})

(Gp,xm,j(si,l,tl) Y K/VE>0allie{o,... ,k}) .

The final line is the probability of £+ 1 iid normal random variables each being greater than

or equal to —K/ V'k, which can be made arbitrarily small by making k large. O]

proof of Theorem 4.2. This follows immediately from the continuity of the asymptotic dis-
tribution (see Politis, Romano, and Wolf, 1999). O

C.3 Other Shapes of the Conditional Mean

This section contains the proofs of the results in Section 5, which extend the results of
Section 3 to other shapes of the conditional mean. First, I show how Assumption 3.1 implies
Assumption 5.1 with v = 2. Next, I prove Theorem 5.1, which gives an interpretation of
Assumption 5.2 in terms of conditions on the number of bounded derivatives in the one
dimensional case. Finally, I prove Theorem 5.2, which derives the asymptotic distribution
of the KS statistic under these assumptions. The proof is mostly the same as the proof of
Theorem 3.1, and I present only the parts of the proof that differ, referring to the proof of
Theorem 3.1 for the parts that do not need to be changed.

To see that, under part (ii) from Assumption 3.1, Assumption 5.1 will hold with v = 2,
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note that, by a second order Taylor expansion, for some z*(z) between = and xy,

m;(0,x) —m;(0,zr) (v —xp)V(@*(2))(x —xr) 1 x—xp . T — T
BT = pa—T = s i@ (@)
[l = ] 2||z — 2 || — ] [l — 2]
Thus, letting v, ,(t) = $tV;(xx)t we have
m;i(0,x) —m;(0,z r—x
sup i(0:2) jg ) — ik ( : )H
oy < [ [l —
1 z—a T — X 1 z— o T — X
up || 2Ly () SV
o s l2 e =l O el T 2wl e =

This goes to zero as 6 — 0 by the continuity of the second derivative matrix.
The proof of Theorem 5.1 below shows that, in the one dimensional case, Assumption

3.1 follows more generally from conditions on higher order derivatives.

proof of Theorem 5.1. It suffices to consider the case where dy = 1. First, suppose that A
has infinitely many elements. Let {z;}?2; be a nonrepeating sequence of elements in Aj.
Since A&} is compact, this sequence must have a subsequence that converges to some = € Aj. If
m(0,x) had a nonzero rth derivative at Z for some r < p, then, by Lemma C.7 below, m(6, x)
would be strictly greater than m(6, %) for = in some neighborhood of #, a contradiction.
Thus, a pth order taylor expansion gives, using the notation D,(z) = 0"/dz"m(0,z) for
r <p, m(0,xr) —m(0,7) = Dy(x*(z))(z — )?/p! < D]z — Z|P/p! where D is a bound on the
pth derivative and z*(x) is some value between x and Z.

If &, has finitely many elements, then, for each xq € Xy, a pth order Taylor expansion
gives m(6, z) — m(0, z0) = Di(zo)(x — o) + 3D2(z0)(z — 20)? + - o LD, (x*(x))(x — )P
If, for some r < p, D,(x¢) # 0 and D,.(x¢) = 0 for ' < r, then Assumptlon 5.1 will hold at
xo with 4 = r. If not, we will have m(6, z) — m(0,zo) < D]z — 24P /p! for all x. O

Lemma C.7. Suppose that g : [x,Z] C R — R is minimized at some xq. If the least nonzero

derivative of g is continuous at xg, then, for some ¢ > 0, g(x) > g(xg) for |z — x| < g,

x # xp.

Proof. Let p be the least integer such that the pth derivative ¢g”)(z,) is nonzero. By a pth
order Taylor expansion, g(z) — g(xg) = g(p)( *(z))(x — x0)P for some z*(x) between x and
zo. By continuity of ¢® (z), |¢® (z*(z)) — g™ (20)| > ¢ (20)|/2 for = close enough to x,
so that g(z) — g(x0) = gP (z*(2))(x — 20)? > 9P (z0)|/2|x — 0[P > 0 (the pth derivative

must have the same sign as x — g if p is odd in order for g to be minimized at z). O]
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I now prove Theorem 5.2. I prove the theorem under the assumption that v(j, k) =
v for all (j,k) with j € J(k). The general case follows from applying the argument to
neighborhoods of each zy, and getting faster rates of convergence for (7, k) such that v(j, k) <
v. The proof is the same as the proof of Theorem 3.1 with the following modifications.

First, Theorem C.1 must be modified to the following theorem, with the new definition

of gpa,.i(s,t).

Theorem C.4. Let h, = n=" for some 0 < B < 1/dx. Let

oy, (5,) = hT\/an — E)Yi g (hns < X — 2y < hu(s +1))

and let g ., (s,t) have jth element

1
gn,xm,j(S,t) = WEKJI(]MLS < Xz — T < ]’Ln<5 + t))

if 5 € J(m) and zero otherwise. Then, for any finite M, (G4 (s,t), ..., Gy, (8, 1)) 2
(Gpay(s,t),...,Gpg,(s,t)) taken as random processes on ||(s,t)|| < M with the supremum
norm and gn.z,, (S,t) = gpz,, (s,t) uniformly in ||(s,t)|| < M where Gpy,, (s,t) and gpg,, (S, 1)

are defined as in Theorem 3.1 for m from 1 to /.

Proof. The proof of the first display is the same. For the proof of the claim regarding

G,z (S, 1), we have

1 r— Ty
gn@m"(s,t) - / Qp‘,k (—) H:U —-fmufny(-fm) dx
’ hzx+’y hn5<$_$m<hn($+t) ’ H‘T - xm”

1 - dm
e | b (—‘”) & — ol x (&) — Fc(an)]
hps<T—Tpm <hp(s+t)

g ezl
=
+ [m(97$) _m(gvl‘m)
h;llx-‘r’y hn$<T—Tm <hn(s+t) ! !
T — T
s (2 e =l | st

The first term is equal to gpg,, ;j(s,t) by a change of variable = to h,z + x,, in the integral.
The second term is bounded by gpa,, j(5,t) SUP |y, . 1<2n, e [fx (¥) = fx ()] / fx (%), which
goes to zero uniformly in (s, t)|| < M by continuity of fx. The third term is equal to (using
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the same change of variables)

mj(‘g’ hnZL' + ZL’m) — mj(‘gv Im) T
/8<:c<s+t |: ]’L;YL - wj’k <m> HQJH'Y:| fX(x) dz

_ M (0, ot + ) =m0, 20) (T
B /s<x<s+t I { | hn|| — Yjk ( )] fx(z)de.

]l

For ||(s,t)|| < M, this is bounded by a constant times

— ik

[z ]

sup
llzl|<2M

Y

which goes to zero as n — oo by Assumption 5.1. O]

The drift term and the mean zero term will be of the same order of magnitude if
VR X = 1 pdx Y & b, = n W/ @x+20) | 50 that

XN 2B Y 5y I (hns < X — 21 < ho(s + ), ..o, EnYi g I (hns < X — 20 < hy(s + 1))
- (Gn,xl (57 t) —"_ gn,xl (87 t)) A 7Gn,xg (87 t) —"_ gn,xg (87 t))
& (G, (5,) + Gpas (5,1), -+, G, (5,8) + Gy, (5,1))

taken as stochastic processes in {||(s,?)|| < M} with the supremum norm. From now on, let
h,, = n~Y(@+27) g5 that this will hold.

Lemmas C.2 and C.3 hold as stated, except for the condition in Lemma C.3 that ¢ >
n=Y(@+9 (1 4 logn)2 must be replaced by & > n2"/(@+2)(1 4 logn)? so that hy/>24/21/2 >
n~'2(1 4 logn), which implies the fourth inequality in the last display in the proof of this
lemma, holds for the sequence h,, in the general case.

The next part of the proof that needs to be modified is the proofs of Theorems C.2 and
C.3. For this, note that, for some constants C'; and n > 0

9pan(5,1) 2 Cull(s, 0" [ ]t (2)
and, for [|(s,t)[| < n/hn,

Gnmg(s:t) 2 Cill(s. )" T T (3)
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for all m and j. To see this, note that

1
gnyxmyj(s,t) = EwEY;JI(hnS < Xz — Ty < hn<3 + t))

1 / _ m(0, hpx + x,,)
= — m(0, ) fx(x)dx :/ llz]|” fx (hnz + 2, do
hgx+’y hp $<T—Tm <hn(s+t) s<w<s+t ”han’Y

where the last equality follows from the change of variables = to h,x + x,,. For small
enough 7, this is greater than or equal to 5 [._ . llz||" fx (zm) dz for ||(s, )| < n/hy by
Assumption 5.1 and the continuity of fx. By definition, gp,,, ;(s,t) is also greater than
or equal to a constant times [ _ _ . ||z["dr. To see that this is greater than or equal

to a constant times ||(s,?)||” [[, t;, note that the Euclidean norm is equivalent to the norm

(s,t) — max; max{|s;|, |s;+t;|} and let i* be an index such that |s;«| = max; max{|s;|, |s;+t| }

= max; max{|s;|, |s;+1t;|}. In the former case, we will have ||x| > |s;<|/2 for x on

/2}N{s < x < s+t}, which has Lebesgue measure <HZ¢2* ti> .

/22 (T ts) - tie /4, s0 that [, N2l de > (max masc{sil s; + £:1}/2)" TT; /4,
and a symmetric argument holds in the latter case.

or |8+ +
the set {s;+ < e < 8 + |84

e

With these inequalities in hand, the modified proofs of Theorems C.2 and C.3 are as

follows.

proof of Theorem C.2 for general case. Let G(s,t) = Gp,,, ;(s,t) and g(s,t) = gpa,, (s, 1).
Let Sy = {k < ||(s,t)|| < k+1} and let Sf = S, N{[],t; < (k+ 1)~} for some fixed §. By

Lemma C.2,

P (ianG(s,t) +g(s.t) < r) <P (sup G(s,t)] > \?"\)
Sk Sk

k

< {30k + 1)[(k + 1)k + 2} exp (—Cr2(k + 1))

for k large enough where C' depends only on d. Thus, the infimum over each SF is summable

over k.
For any j and § with 8 < 3, let Sg’ﬂ = SN {(k+1)2 <[, t: < (k+1)°}. Using Lemma
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C.2 and (2),

P | inf G(s,t) + g(s,t) <7 | < P [ sup|G(s,t)| > C1E"™2
5.8 5
Sy SS,B

< {B(k + D[k + D%/ ((k+1)° A1)] + 2}2d exp (—CCEW—%) .
N (k+1)7
This is summable over k if 2y + 20 — B> 0.

Now, note that, since [];¢; < (k4 1)? on Sk, we have, for any —0 < 3 < By < ... <
Boy < Be=d, Sp = SEUS USSR Y . USK I we choose 0 < 6 < v, ) =0,
Po =, and Bi11 = (26;) Ad for i > 2, the arguments above will show that the probability
of the infimum being less than or equal to r over SF, S, %51 and each S,fi’ﬂ “' is summable
over k, so that P (infg, G(s,t) + g(s,t) < r) is summable over k, so setting M be such that
the tail of this sum past M is less than ¢ gives the desired result. O

proof of Theorem C.3 for the general case. Let G, (s,t) = Gy, 4, (5, 1) and ¢, (s, 1) = Gnz,,.5(S,1).
Let n be small enough that (3) holds.

As in the proof of the previous theorem, let S, = {k < ||(s,¢)|| < k + 1} and let
SE =S, n{[1;t: < (k+1)7°} for some fixed 6. We have, using Lemma C.3,

P (inf((}n(s,t) + gn(s,t) < 7“) <P <Sup |G (s, t)] > |r|>
SE L

Sk

_ 2d r
<{6(k+1D)[(k+ 1)k +2} " exp (—Cm)
for (k41)70 > n=27/@+29) (1 4-logn)? <= k+1 < n?/P@+20](1 +logn)=2/% so, if § < 2+, this
will hold eventually for all (k + 1) < h; ' (once h;'n < n?/BE+29](1 4 logn) = <= n <
n2/18(d+27]p =1/(d+27) (1 4-1og n) ~2/0 = n1/0=D/(4+27) (1 1 1og n)~2/%). The bound is summable
over k for any o > 0. -
Again following the proof of the previous theorem, for 3 < B, define Sg’ﬂ = Spn{(k+1)2 <
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[1,t: < (k +1)%}. We have, again using Lemma C.3,

P | inf G, (s,t) + gn(s,t) <7 | <P | sup|Gu(s,t)] > C1k7E
sy’ s2P
k;"/-i-é
< {6(k+ D[(k+1)%/(K A1) + 2} exp <—C G >

(k+1)p/2

for (k41)F > n=2/@+2)(1 4 1ogn)? (which will hold once the same inequality holds for d for
—§ < ) and k+1 < h'n. The bound is summable over k for any Q,B with 27+2@—B > 0.
Thus, noting as in the previous theorem that, for any —6 < 81 < o < ... < o1 < fr =
d, S = Sk US,:M1 US,fl’ﬁ2 U...US,f"l”Be, if we choose 0 < 6 < v, f; =0, B = 7, and
Bir1 = (28;) Ad for i > 2, the arguments above will show that the probability of the infimum
being less than or equal to r over the sets indexed by k for any k& < h. ' is bounded uniformly
in n by a sequence that is summable over k (once n < n(>/9=D/(d+29)(1 4 logn)~2/%). Thus,
if we choose M such that the tail of this sum past M is less than € and let N be large enough
so that n < N@/0=D/(d+29)(1 4 Jog N)~2/° we will have the desired result.
O

Lemmas C.4 and C.5 hold as stated with the same proofs, so the rest of the proof is the
same as in the v = 2 case. The n/(a, logn) rate for Z,, 5 is still faster than the pd+7)/(d+27)
rate for a, increasing slowly enough.

The proof of Theorem 4.1 for the limiting process is the same as before. The only place
the drift term is used is in ensuring that the inequality gpa,, ;(Sik, tx) < K/k holds in the
last display in the proof of the theorem, which is still the case.

C.4 Testing Rate of Convergence Conditions

First, I collect results on the rate estimate § defined in (1). The next lemma bounds B
when the statistic may not converge at a polynomial rate. Throughout the following, .S,
is a statistic on R with cdf .J,(z) and quantile function J;(t). L,,(z|7) and L, ,(z|7) are
defined as in the body of the paper, with S(T,,(0)) replaced by S,.

Lemma C.8. Let S, be a statistic such that, for some sequence T, and x > 0, 7, (t) >
z for large enough n. Then, if 7,5, - 0 and b/n — 0, we will have, for any ¢ > 0,
L;})(t + ¢|T) > = — £ with probability approaching one.
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Proof. 1t suffices to show L, ,(x — €|7) < t 4+ ¢ with probability approaching one. On the
event E, = {|7,Ss| < €}, which has probability approaching one, L, y(z — £|7) < Ly (z|7).
We also have E[L,;(x|7)] = P(1,5s < x) = Jy(z/7) < t by assumption. Thus,

P(Lnp(x —clr) <t+e)>P ({Lnb(m) t 4 g} N En)

<
> P ({Lap(al7) < ElLag(alr)] +} N B, )
This goes to one by standard arguments. O]

Lemma C.9. Let Ba be the estimator defined in Section 2.4, or any other estimator such
. —log L} (t]1)+0p(1)
that Ba = logb11 0,(1)

eventually and bf”Sn 20, Then, for any e > 0, we will have Ba < Bu + ¢ with probability

. Suppose that, for some x; > 0 and B,, v, < J 1t —¢)

approaching one.

Proof. We have

. log L;}n (¢]1) 1 — Pulog by — log L;}n (t[o™) _ log(w./2)

a — logbl _'_Op(l)gﬁu +0p(1>£>6“«

log b, log by

where the inequality holds with probability approaching one by Lemma C.8. O]

The following lemma shows that the asymptotic distribution of the KS statistic is strictly
increasing on its support, which is needed for the estimates of the rate of convergence in
Politis, Romano, and Wolf (1999) to converge at a fast enough rate that they can be used

in the subsampling procedure.

Lemma C.10. Under Assumptions 3.1, 3.2, 3.3, 4.1 and 4.2 with part (ii) of Assumption
3.1 replaced by Assumption 5.1, if S is convex, then the the asymptotic distribution S(Z)
in Theorem 5.2 satisfies P(S(Z) € (a,00)) = 1 for some a, and the cdf of S(Z) is strictly

increasing on (a,0).

Proof. First, note that, for any concave functions fi,..., fa,, fi : Vi = R, for some vector

space Vi, © +— S(fi(x1),..., fa, (x4, )) is convex, since, for any A € (0, 1),

S(fl(/\xa,l + (1 — /\)CL’bJ), e ’fk(/\-ra,dy + (1 — /\)xb,dy»
> S f1(wa1) + (1= N fe(@o1), s AM(Taay ) + (1= A) fr(@,a5))
> AS(fi(an), - fe(@ady)) + (L =N)S(fi(zpn), - fru(zpay))
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where the first inequality follows since S is decreasing in each argument and by concavity of
the fis, and the second follows by convexity of S.

S(Z) can be written as, for some random processes H; (t), ..., Hy, (¢) with continuous
sample paths and T = RI*I2dx - S(inf,cr H, (¢), ..., infer Hg, (t)). Since the infimum of a
real valued function is a concave functional, this is a convex function of the sample paths
of (Hy(t),...,Hga (¢)). The result follows from Theorem 11.1 in Davydov, Lifshits, and
Smorodina (1998) as long as the vector of random processes can be given a topology for
which this function is lower semi-continuous. In fact, this step can be done away with
by noting that, for Ty a countable dense subset of T and T, the first ¢ elements of this
subset, S(infer, Hi(t), . . ., infier, Ha, (£)) 5 S(inf,cped Hy(2), . . ., infieged Hy, (£)) as £ — oo,
so, letting Fy be the cdf of S(infer, Hy (1), ..., inf;er, Ha, (¢)), applying Proposition 11.3 of
Davydov, Lifshits, and Smorodina (1998) for each F, shows that ®~!(F,(t)) is concave for
each ¢, so, by convergence in distribution, this holds for S(Z) as well. n

The same result in Davydov, Lifshits, and Smorodina (1998) could also be used in the
proof of Theorem 4.1 to show that the distribution of S(Z) is continuous except possibly at
the infimum of its support, but an additional argument would be needed to show that, if
such an atom exists, it would have to be at zero. In the proof of Theorem 4.1, this is handled
by using the results of Pitt and Tran (1979) instead.

We are now ready to prove Theorem 6.1.

proof of Theorem 6.1. First, suppose that Assumption 3.1 holds with part (ii) of Assump-
tion 3.1 replaced by Assumption 5.1 for some v < 7 < 7 and Xy nonempty. By Theorem
5.2, nldx+0/(dx+27) (T, (0)) converges in distribution to a continous distribution. Thus, by
Lemma C.9, 3, & (dx +7)/(dx + 2v), so B, > B = (dx +7)/(dx + 27) with probability
approaching one. On this event, the test uses the subsample estimate of the 1 — « quan-
tile with rate estimate 3 A 8. By Theorem 8.2.1 in Politis, Romano, and Wolf (1999),
BAB = (dx +7)/(dx + 2v) + 0,((logn)~') as long as the asymptotic distribution of
nldx+N/dx+29) G(T, (6)) is increasing on the smallest interval (ko, k1) on which the asymptotic
distribution has probability one. This holds by Lemma C.10. By Theorem 8.3.1 in Politis,
Romano, and Wolf (1999), the o,((logn)~") rate of convergence for the rate estimate 3 A 3
implies that the probability of rejecting converges to .

Next, suppose that Assumption 3.1 holds with part (ii) of Assumption 3.1 replaced by
Assumption 5.1 for ¥ = 7. The test that compares n'/25(T,,()) to a positive critical value
will fail to reject with probability approaching one in this case, so, on an event with prob-

ability approaching one, the test will reject only if Ba > [ and the subsampling test with
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rate B A B rejects. Thus, the probability of rejecting is asymptotically no greater than the
probability of rejecting with the subsampling test with rate B A 3, which has asymptotic
level o under these conditions by the argument above.

Now, consider the case where, for some zy € Ay and B < oo, m;(0,z) < Bllx — xo||”
for some v > 7. Let m;(W;,0) = m;(W;,0) + (B||lx — xo||” — m;(6,2)). Then m;(W;,0) >
m;(W;,0), and m,;(W;,0) satisfies the assumptions of Theorems 5.2 and 4.1, so
nldx+N/@x+2) g (T (9)) > nldx+V/Ex+2 g0 . 0, inf B,y (Wi, 0)1(s < Xi < s +1),0,...,0)
and the latter quantity converges in distribution to a continuous random variable that is
positive with probability one. Thus, by Lemma C.9, for any € > 0, 3, < (dx+7)/(dx+2v)+e
with probability approaching one. For ¢ small enough, this means that 8, < (dx +7)/(dx +
27) with probability approaching one. Thus, the procedure uses an asymptotically level «
test with probability approaching one.

The remaining case is where m; (6, ) is bounded from below away from zero. If m;(W;,6) >
0 for all j with probability one, S(7,(f)) and the estimated 1 — «a quantile will both be
zero, so the probability of rejecting will be zero, so suppose that P(m;(W;,0) < 0) > 0
for some j. Then, for some n > 0, we have nS(T,(0)) > n with probability approach-
ing one. From Lemma C.8 (applied with ¢ less that 1 — « and 7, = b), it follows that
L;})(l — a|bPB) = bB/\B_lL;})(l — alb) > b"¥-15/2 with probability approaching one. By
Lemma C.5, S(T,,(6)) will converge at a nlogn rate, so that n?*25(T,(6)) < n®**~1(log n)>2
with probability approaching one. Thus, we will fail to reject with probability approaching
one as long as nBAB*l(log n)? < bBAB*ln/Q = nX3(B/\B*1)n/2 for large enough n, and this holds
since y3 < 1. A similar argument holds for INJ;})(l — a|bPrB).

O

C.5 Local Alternatives

proof of Theorem 7.1. Everything is the same as in the proof of Theorem 3.1, but with the
following modifications.

First, in the proof of Theorem C.1, we need to show that, for all j,

N
Vhi

converges to zero uniformly over [[(s,t)|| < M for any fixed M. By Theorem 2.14.1 in

(E,, — E)[m;j(Wi, 00 + an) — mj(W;,00)]1(hns < X; — xp < hp(s+1))
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van der Vaart and Wellner (1996), the L? norm of this is bounded up to a constant by
J(1, F, Lo) s/ EF,(Xi, W;)?, where F,, = {(z,w) — [m;j(w, b + a,) — mj(w, )] (hys <
T — xR < hn(ns +1)|(s,t) € R*} and F,(z,w) = |m;(w, 0y + a,) — m;(w, )| I(—h, Mt <
x —x < 2h, M) is an envelope function for this class (here ¢ is a vector of ones). The

covering numbers of the F,s are uniformly bounded by a polynomial, so that we just need
to show that hld\/EFn(Xi, W;)? converges to zero. We have

1
hd
1
— _hﬁ
1
< —d\/E[(—hnML < X; —xp < 2h,M1) sup  E{[m;j(W;, 00 + a,) — m;(Wi, 0))*|X; = '}

vV h lo—]|<n

where the first equality uses the law of iterated expectations and the second holds eventually

EFn<X17 VV7,>2

3

VEE{m; (Wi, 00 + a,) — (Wi, 00) 2| X} (—h, M < X; — y, < 2h, M)

with 1 chosen so that the convergence in Assumption 7.2 is uniform over ||z — x| < n. The
first term is bounded eventually by f B Micocan, dT where f is a bound for the density of
X; in a neighborhood of x; (this follows from the same change of variables as in other parts
of the proof). The second term converges to zero by Assumption 7.2.

Next, in the proof of Theorem C.1, we need to show that

WQE[mj(eO + an, X;) — 1500, X)) I(hps < X; — xp < hn(s+1)) = fx(zx)me; (60, a:k)aHti
uniformly in ||(s,)|| < M. We have

1
hd+2

E[mj(go + ay, Xl) — ’fnj(eo, Xl)]l(hns <X;,—x < hn(S + t)) — fx(l‘k)mgyj(eg, xk)aHti

1
- / {1700 + @, @) — 1705 (00, 2)) fx (x) — h2 fx (2)g, (0, i)a} da
n hns<z—zp<hn(s+t)

— / {h;z[fnj(ﬁo + ap, hypx + ) — M (0o, hnt + xi)] fx (hnx + z5) — fx(2x)mg,; (6o, xk)a} dx
s<z<s+t

where the second equality comes from the change of variable x — h,x + x;. This will go to

zero uniformly in [|(s,t)[| < M as long as supy,<ans || fx (hn + 7%) — fx(21)]| and

” s”up 1,2 (M (00 + an, b + 1) — 15 (00, b + 71)] — ™m0, (00, T1)al]
z||[<2M
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both go to zero. sup,<ons || fx (hn® + 7%) — fx(@4)]| goes to zero by continuity of fx at .
As for the other expression, since ah? = a,,, the mean value theorem shows that this is equal
to me; (6% (an), hnx + x1)a — Mg ; (8o, 1 )a for some 6*(a,,) between 6y and 6y + a,,. This goes
to zero by Assumption 7.1.

In verifying the conditions of Lemma C.1, we need to make sure the bounds, gp4, j.a(s,t) >

Oll(s, )| T1, t; and

1
OnzpjalS,t) = hd+2EmJ(WZ,90+an)I(h s< X; < hp(s+1t)>C|(s,t ||2Ht

still hold for [|(s,t)|| > M for M large enough and, for the latter function, ||(s,?)| < h.'n
for some 17 > 0 and n greater than some N that does not depend on M. We have

9Parga(5:t) = gpay,i(s,t) + ma (00, r)afx () [ [ ti = Cll(s, )1 [ [ ti + Mo (B0, xr)afx (zi) [ [ 1

%

= (s, DIIPIC + mg.;(0o, i )afx (i) /Il (s, )] Ht

where the first inequality follows from the bound in the original proof. For ||(s,t)|| >
M for M large enough, this is greater than or equal to K||(s,¢)||*[[;t; for K = C —
1mg.; (00, zx)a| fx (xr)/M?* > 0. For g, ja(s,t), we have

1
19P.21..0(8,t) = 9Py 3 (s, )| = IIWE[mj(Wi, 0o + an) —m;(Wi, 00) | (hns < X; < hn(s +1))]|

lz—zkll<n

1
< sup |55 [m;(0o + an, x) — m;(6o, )]I|thEf(h § < X < ha(s+1))].

By the mean value theorem, m;(6y + an,z) — m;(0y,x) = m;e(0*(a,), x)a, for some 6*(a,)
between 6y and 6y + a,. By continuity of the derivative as a function of (6,x), for small
enough 7 and n large enough, mjy(6*(ay,), ) is bounded from above, so that |75 [m;(6 +
an, ) —1m; (0o, x)]|| is bounded by a constant times ||a,||/h2 = ||a||. By continuity of fx at xy,
| E1(hys < Xi < hn(s+1t))|| is bounded by some constant times [T, ¢; for [|(s, )| < h,'n.
Tlfus, for M < ||(s,t)|| < h;'n for the appropriate M and 7, we have, for some constant C,

ngkJa(S t)>9P:ckgSt ClHt >C||3t||2Ht _Clnt

= l[(s,)IFIC = C1/ 1| (s, )] Ht
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where the second inequality uses the bound from the original proof. For M large enough,
this gives the desired bound with the constant equal to C'— Cy/M > 0.

In verifying the conditions of Lemma C.1, we also need to make sure the argument in
Lemma C.3 still goes through when m(W;,0y) is replaced by m(W;, 60y + a,). To get the
lemma to hold (with the constant C' depending only on the distribution of X and the Y in
Assumption 7.3), we can use the same proof, but with the classes of functions F,, defined to be
Fo = {(z,w) = m;(w, 0o+ a,) I (hnso < x—x) < hp(so+1))|t < to} (J(1, Fn, L?) is bounded
uniformly for these classes because the covering number of each F,, is bounded by the same
polynomial), and using the envelope function F,(z,w) = YI(h,so < 2 — 2 < hn(so + o))
when applying Theorem 2.14.1 in van der Vaart and Wellner (1996).

O

proof of Theorem 7.2. First, note that, for any neighborhoods B(z}) of the elements of Ajp,
vninfe, Enm;(Wi, 00 + an)l(s < X < s+1t) = /ninfaineu, ., Jes Blax) E,m;(W;, 0y +
an)l(s < X; < s+1t)+ 0,(1) since, if these neighborhoods are made small enough, we will
have, for any (s, s+t) not in one of these neighborhoods, Em;(W;, y+a,)I(s < X; < s+t) >
BP(s < X; < s+ 1) by an argument similar to the one in Lemma C.4, so that an argu-
ment similar to the one in Lemma C.5 will show that inf .1peu, ., iz B(zx) E,m;(W;, 00+
a,)I(s < X; < s+1t) converges to zero at a faster than /n rate (Assumption 7.1 guarantees
that E[m;(W;, y+a,)|X] is eventually bounded away from zero outside of any neighborhood
of Xy so that a similar argument applies).
Thus, the result will follow once we show that, for each j and k such that j € J(k),

\/ﬁ inf Enmj(Wi, Oy + CLn)I(S < X;<s+ t)
(s,s+t)€B(zk)

LN 1sntffx(xk)/

s<xr<s+t

1
<§x'Vx + Mg, (6o, :vk)a) dz.

With this in mind, fix j and &k with j € J(k).
Let (s}, t:) minimize E,m;(W;, 00+a,)I(s < X < s+t) over B(x;)? (and be chosen from

the set of minimizers in a measurable way). First, I show that p(0, (s*,t)) 2 0 where p is the
covariance semimetric p((s,t), (s',t")) = var(m;(W;,00)I(s < x < s +1t) —m;(W;,00)I1(s" <
z < s +1)). To show this, note that, for any € > 0, Em;(W;,00 + a,)I(s < X; < s +1) is
bounded from below away from zero for p(0, (s,t)) > ¢ for large enough n. To see this, note

that, for p(0, (s,t)) > ¢, [, t; > K for some constant K, so that [|(s,t)|| > K and, for
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some constant C' and a bound f for fy on B(zy),

Emj(Wi,Ho + an)I(s < X; <s+ t)
= Emj(I/VZ-,QO)I(S < Xl < S+ t) + E[T_ﬂ](eo + Cln,Xi) — mj((%,Xi)]I(s < Xz < s+ t)

> Cil|(s, 1) |I? (H ti) — sup |m;(6o + an, z) — (6o, x)| f (H tz’)

z€B(zy,)

>

Cull(s, )1 = sup [Jm;(00 + an, z) — mj(%,x)HT] K.

z€B(zk)

By Assumption 7.2, Sup,¢ (s, 17500+ @n, ¥) —1m;(6o, 7)|| converges to zero, so the last term
in this display will be positive and bounded away from zero for large enough n. Thus, we can
write \/nE,m;(W;, 0p+a,)I(s < X; < s+t) as the sum of /n(E,, — E)m;(W;,0p+a,)I(s <
X; < s+t), which is O,(1) uniformly in (s,t), and /nEm;(W;, 00 + a,)I(s < X < s+ 1),
which is bounded from below uniformly in p(0, (s,t)) > € by a sequence of constants that
go to infinity. Thus, inf o (s.4)>e vVREM; (Wi, 00+ an)I(s < X < s+1t) is greater than zero
with probability approaching one, so p(0, (s*,*)) 2 0.

. D,
Thus, for some sequence of random variables &, — 0,

\/ﬁlntf Enmj(Wi,Qo + an)[(s <X <s+ t)

=/n inf E.m: (W, 004+ a,)l(s< X <s+t).

\/_p(O,(s*7t*))§an7(s,s+t)EB(xk) i 0 M )
This is equal to v/ninf o (s 1)< (s,5+0)Bay) M (Wi, 6o+ a,) (s < X < s+1t) plus a term
oienion |(Bn = B)Exmy(W,, 0 + a)I(s < X <
s+ t)|. By Assumption 7.2 and an argument using the maximal inequality in Theorem
2.14.1 in van der Vaart and Wellner (1996), /1 Sup(, s e p(ay) | (En — £)[m;(Wi, 00 + a,) —
m;(Wi, 0p)]1(s < X; < s+1t)| converges in probability to zero. v/n(E, — E)m;(W;,00)1(s <
X, < s+ t) converges in distribution under the supremum norm to a mean zero Gaus-
sian process H(s,t) with covariance kernel cov(H(s,t),H(s',t")) = cov(m;(W;,00)I(s <

that is bounded by /1 sup s« 1))

<en,

X < s+1t),m;i(W;,0)I(s < X; < s +1)) and almost sure p continuous sample paths.
Since (z,€) = SUP, (g (s1))<- |2(5,1)| is continuous in C(R*X,p) x R (where C(R**, p) is
the space of p continuous functions on R??) under the product norm of the supremum
\/H(En_
EYm;(W;,00)I(s < X; < s+ 1) A SUD(0,(s,))<0 HL(8,2) = 0 (the last step follows since
var(H(s,t)) = 0 whenever p(0, (s,t)) = 0).

norm and the Euclidean norm, by the continuous mapping theorem, sup,, (s 1)<,
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Thus,

\/ﬁ inf Enmj(Wi, 60 -+ an)I(s < X; <s+ t)
(s,s+t)eB(zk)

=/n inf Em;(W;, 00+ ap)l(s < X; < s+t)+ 0,1
\/_p(o’(S’t))<5n,(575+t)€B($k) ]( 0 ) ( ) p( )

=+/n inf m; (0o + an, x)dx + o,(1).
\/_p(O,(s,t))<€n,(s,s+t)€B(:rk) /s<:c<s+t j< 0 )fX( ) p( )

By Assumption 7.1, the integrand is positive eventually for ||(s — zy, )| > n for any n > 0,
and once this holds, the infimum will be achieved on ||(s — z, t)|| < 7. Using a first order
Taylor expansion in the first argument of m;(6y + a,, x) and a second order Taylor expansion
in the second argument the integrand is equal to
1 _

5@ = @)V (2" (@))(x — 24)" + M (6 (an), 2)an | fx(2)

for some x*(x) between x and x and 6*(a,) between 6y and 6y + a,. For n small enough,
continuity of the derivatives at (g, xx) guarantees that this is bounded from below by C |z —
21||? — Cha,, for some constants C; and Cy, so the integrand is positive for x greater than
C\/|a,|| for some large C, so that the infimum will be taken on ||(s,s + t)|| < C+/]lan]-

Thus, we have

vn o inf  E,mi(Wi, 00 +a,)I(s < X; < s+1)
(s,5+t)€B(zk)

=vn inf / m; (0o + an, ) fx(z) dz + 0,(1).
p(0,(s,t))<en, [ (s—zk ) I<Cr/ llan]| / s<z<s+t

This will be equal up to o(1) to the infimum of

1 P
50— Vi) = )+ g B i) | () do
s<xr<s+t

vn
once we show that the difference between this expression and /n fs<m<s+t m;(0o+ay,, ) fx(x) dx
goes to zero uniformly over ||(s — z,t)|| < C/||la,| (the infimum of this last display will
be taken at a sequence where ||(s — g, t)|| < Cv/||as|| anyway, so that the infimum can be

taken over all of R?9).
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The difference between these terms is

vn {2(95 — )V () (@ — 1) + 7500, 2 )an | [fx(2) — fx(zx)] da
s<r<s+t

o <z<s+t % [(z — zp)Vi(x™ (2))(x — 1) — (v — 2) Vi) (2 — )] fx (@) da

+v/n s (Mg ; (0% (an), ) — Mg ; (0o, k)] anfx () dx.

These can all be bounded using the change of variables u = (z — z)n!/@*2) and the

continuity of densities, conditional means, and their derivatives. The first term is

1

v E
1/ (2(d42) (s—zp. ) <u< (s+t—z)nl/ (2(d+2) | 2
x [fX(n—l/(Q(d—i-Q))u + 513k) . fx(xk)]n_d/(Q(d+2)) du

uVj(ap)u' p 1/ (d+2) +m@7j(90,xk)an_1/(d+2)

! —
/ S0+ (6 )
n1/(2(d+2)) (s—zp ) <u<(s+t—z) )nl/(2(d+2))

X [fx (VD) y 4 ay) — fy(ap)] du.

The integrand converges to zero uniformly over u in any bounded set by the continuity
of fx at zy, and the area of integration is bounded by |u| < 2nY/G@+2)||(s — 2, 1) <
200 2d+2) | []|a||n~1/REd+2) = 2C, /||| on ||(s — zx,t)|| < Cy/]|an|]. Using the same

change of variables, the second term is bounded by the integral of

1
5 [u/‘/j(x*(n—l/(2(d+2))u+xk>)u/_u‘/j<xk) ]fX( —1/(2 d+2))u+xk>

over a bounded region, and this converges to zero uniformly in any bounded region by
continuity of the second derivative matrix. The last term is, by the same change of variables,

bounded by the integral of
[m&j(@*(an)> n VD o) — ;0o xk)] afx(n Vg 4 gy

over a bounded region, and this converges to zero by continuity of myg (6, x) at (6o, zx).
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Thus,

vn oinf  E,mi(Wi, 00+ a,)I(s < X; < s+1)
(s,5+t)€B(zk)
1

= inf \/ﬁ |:§(.T - Z‘k)‘/J(l’k)(l’ - ZL’k)/ + m97j(00, xk)an] fx(l‘k) dx + 0;,(1)
l(s—kN<C/llanl| s<a<s+t

. 1 _

= inf / [—uvj(xk)u' + myg ; (6o, xk)an] fx(xg) du+ o0y(1)
I(s=ar)|<Cy/llall / (s—a1) <us(s—ay+1) L2

where the last equality follows from the same change of variables and a change of coordinates

n (s,t). The result follows since, for large enough C, the unconstrained infimum is taken on

(s — zx, t)|| < C/||lal|, and C' can be chosen arbitrarily large. O

C.6 Alternative Method for Estimating the Asymptotic Distribu-
tion

proof of Theorem B.1. It suffices to show that, for every subsequence, there exists a further
subsequence along which the distribution of Z converges weakly to the distribution of Z.
Given a subsequence, let the further subsequence be such that the convergence in probability
in Assumption B.1 is with probability one.

For any fixed B > 0, the processes

Gray () + Gpa(5,1) | I((5,0)]| < B)

are, along this subsequence, Gaussian processes with mean functions and covariance kernels
converging with probability one to those of the distribution being estimated uniformly in
|(s,t)|| < B. Thus, with probability one, the distributions of these processes converge weakly
to the distribution of the process being estimated along this subsequence taken as random
processes on ||(s,t)]| < B. Thus, to get the weak convergence of the elementwise infimum,
we just need to verify part (ii) of Lemma C.1. To this end, note that, along the further

subsequence, the infimum of

G g(5:1) + Gpari(s, 0| 1((s, )| < Ba)

is eventually bounded from below (in the stochastic dominance sense) by the infimum of a
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process defined the same way as

GP,xk,j(Sa t) + gP,xk,j(Sa t)?

but with E(m ) (Wi, 0)m ey (Wi, 0)'| X = x,) replaced by 2E(m g (Wi, 0)m ay (W5, 0)'| X =
xy), and V(zy) replaced by V(z)/2. Once n is large enough that this holds along this further
subsequence, part (ii) of Lemma C.1 will hold by Lemma C.2 applied to this process. n

proof of Corollary B.1. By Theorem B.1, the distribution of S (Z ) converges weakly condi-
tionally in probability to the distribution of §(Z), and by Theorem 3.1, n(dx+2/(dx+9g(T,(9)) %
S(Z). S(Z) has a continuous distribution by Theorem 4.1, so the result follows by standard

arguments. O

proof of Lemma B.1. Let h(xz) = m;(0, x)—mingcp m;(8, x) where m;(0, z) = E(m;(W;,0)|X; =
x) for a continuous version of the conditional mean function. First, note that Xg is compact.
Since each = € Xg is a local minimizer of h(x) such that the second derivative matrix is
strictly positive definite at , there is an open set A(z) containing each = € X7 such that
h(xz) > 0 on A(z)\z. The sets A(z) with z ranging over X7 form a covering of X7 with
open sets. Thus, there is a finite subcover A(z1), ... A(z;) of AJ. Since the only elements in
A(z1)U---UA(z,) that are also in X7 are 21, ..., 2, this means that X = {z,...,2,}. O

proof of Theorem B.5. By the next lemma, we will have ] C X C Uij:lBan (2;1) and X C
2\?({ C Uk st. jesk)Be, (xx) with probability approaching one. When this holds, we will have
{ < |{k|j € J(k)}| by construction and, once &, is less than the smallest distance between any
two points in X7, we will also have /; = |{k|j € J(k)}| and, for each k from 1 to ¢;, we will
have, for some function 7(j, k) such that r(j, -), is bijective from {1,...,;} to {k|j € J(k)},
Ty € Be, (2;5) for each j, k. When this holds, all of the #;;s with r(j, k) equal will be in
the same equivalence class, since the corresponding ¢,, neighborhoods will intersect. When
€, 18 small enough that ¢, neighborhoods containing x, and ¢,, neighborhoods containing x
do not intersect for r # s, there will be exactly ¢ equivalence classes, each one corresponding
to the (7, k) indices such that r(j, k) is the same. Let the labeling of the Zs be such that,
for all s, &, = 2 for some (j, k) such that r(j, k) = s. Then, for each s, we have, for some
(4,k) such that r(j,k) = s, s = 2y € B.,(2;%) = B, (Zs) with probability approaching
one so that &5 = x5. To verify that .J (s) = J(s) with probability approaching one, note
that, for j € J(s), we will have z, € X] C U.B., (&%) and z, € B.,(Z,) eventually, and,
when this holds, [UgB., (Z;1)] N B., (&) # 0 so that j € J(s). For j ¢ J(s), each i, will
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eventually be within ¢,, of some z, with r # s, while indices (j', k) in the equivalence class
associated with s will eventually have Z; ;s within 2e of z,, so that (j, k) will not be in the

equivalence class associated with s for any k, and j ¢ J(s). O

Lemma C.11. Suppose that sup,.p, [|[m;(0,z) —m;(0,z)| = O(a,) for some sequence a,, —
0. Then, under Assumption 3.1, for any sequence b, — oo with b,a, — 0 and &, with
en — 0 more slowly than /bpa,, the set X1 = {z|m;(0, ) < bya,} satisfies

X({ C ?93 C Up st. jesk)Be, (Tr)

Proof. We will have XJ C XJ as soon as sup,., ||7;(6, z) — m;(,z)|| < bya,, which hap-
pens with probability approaching one. To show that 225 C Ugst. jesk)Be, (z1) eventu-
ally, suppose that, for some 7 € )Eg , & ¢ B, (zvg) for any k. Let C' and n be such that
m;(0,x) > C'ming ||z — z¢||* when ||z — xx|| < n for some k (such a C and 7 exist by As-
sumption 3.1). Then, for any # such that m;(6,2) < b,a,, we must have, with probability

approaching one,
C’mkin |z — 2]|* < mi(0,2) < bpa, +m;(0,2) —m;(0,2) < 2b,a,

where the first inequality follows since A7 is contained in {x|||z — 24| < 7 some k s.t. j €
J(k)} eventually. Since €, > \/2b,a,/C eventually, the first claim follows. O
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