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This appendix contains proofs and additional results for the paper “Unbiased Instru-
mental Variables Estimation Under Known First-Stage Sign.” Appendix A gives proofs
for results stated in the main text. Appendix B derives asymptotic results for models
with non-normal errors and an unknown reduced-form error variance. Appendix C re-
lates our results to those of Hirano & Porter (2015). Appendix D derives a lower bound
on the risk of unbiased estimators in over-identified models, discusses cases in which
the bound in attained, and proves that there is no uniformly minimum risk unbiased
estimator in such models. Appendix F gives additional simulation results for the just-
identified case, while Appendix G details our simulation design for the over-identified

case.

A  Proofs

This appendix contains proofs of the results in the main text. The notation is the same

as in the main text.

A.1 Single Instrument Case

This section proves the results from Section 2, which treats the single instrument case
(k =1). We prove Lemma 2.1 and Theorems 2.1, 2.2 and 2.3.
We first prove Lemma 2.1, which shows unbiasedness of 7 for 1/m. As discussed in

the main text, this result is known in the literature (see, e.g., pp. 181-182 of Voinov
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& Nikulin 1993). We give a constructive proof based on elementary calculus (Voinov &

Nikulin provide a derivation based on the bilateral Laplace transform).

Proof of Lemma 2.1. Since 52/02 ~ N(m/oy,1), we have

E,57(&,05) = / e O(r — 7/og) dx = alz (1 —®(z))exp ((r/o2)x — (/02)*/2) dx
- %exm—(w/oz)?/z) {[(1 ~ @) oa/m) expl (/o) + [(on/m)expl(nfe)ote) o}
using integration by parts to obtain the last equality. Since the first term in brackets

in the last line is zero, this is equal to

L (o9/m) exp((m/o2)x — (7/09)?/2) /(;5 x—m/oy)d

02
We note that 7 has an infinite 1 4+ £ moment for € > 0.
Lemma A.1. The expectation of 7(&, 03) ¢ is infinite for all ¥ and € > 0.

Proof. By similar calculations to those in the proof of Lemma 2.1,

Brotln ) = gz [ exp ((n/on)a = (r/on12) o

For x < 0, 1 —®(x) > 1/2, so the integrand is bounded from below by a constant times
exp(ex?/2 + (7 /o3)x), which is bounded away from zero as © — —oo.

]

Proof of Theorem 2.1. To establish unbiasedness, note that since & and §; — 2%&, are
2

jointly normal with zero covariance, they are independent. Thus,

E”ﬁBU(f’ ) = (Emﬁﬂ [Ew,ﬁ (fl 012{2)] % = % (Wﬂ — 27?) + 12 _ B
2

022 022
since E, 37 = 1/m by Lemma 2.1.

To establish uniqueness, consider any unbiased estimator 3 (¢,%). By unbiasedness
Erp [5 (£,%) = Bulé, E)} =0V8 e B,mell
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The parameter space contains an open set by assumption, so by Theorem 4.3.1 of
Lehmann & Romano (2005) the family of distributions of £ under (7, §) € © is complete.
Thus 3(£,%) — Bu(£,%) = 0 almost surely for all (r,8) € © by the definition of
completeness.

O

1+ 1+e

Proof of Theorem 2.2. If E, 3 )BU(& Y)

were finite, then E, 4 ‘BU(f, ¥) — o12/03

would be finite as well by Minkowski’s inequality. But

1+e
012

~ 21+z—: . o |1+¢€
Eop|fule S) —onfol| = Euplf (6, 03)["" Erp |6 - 226,

o3
and the second term is nonzero since Y is positive definite. Thus, the 1 4+ ¢ absolute
moment is infinite by Lemma A.1. The claim that any unbiased estimator has infinite
1 + ¢ moment follows from Rao-Blackwell: since fy(&,%) = E [5(5, E)|§} for any
unbiased estimator 8 by the uniqueness of the non-randomized unbiased estimator
based on &, Jensen’s inequality implies that the 1 + ¢ moment of | B | is bounded from

below by the (infinite) 1+ ¢ moment of |3y|. O

We now consider the behavior of By relative to the usual 2SLS estimator (which, in

the single instrument case considered here, is given by BQSLS =&1/&) as ™ — 0.

Proof of Theorem 2.3. Note that

B — Pasts = (ﬂf%ag) - é) (fl - (;—122252) = (52%(52’05) N 1) (% B (;_1222) '

As T — 00, £1/& = Pasps = Op(1), so it suffices to show that 7 (&7 (&, 02) — 1) =
op(1) as m — oo. Note that, by Section 2.3.4 of Small (2010),

. 21— P(&/02) ’ o5 _moj
&t (&g, 08 — 1| =7 |2 —2 2 ]| <2 =2,
S e P 8 6k
This converges in probability to zero since 7/& - 1 and Z—f 2 0as m— 0. O

The following lemma regarding the mean absolute deviation of By will be useful in

the next section treating the case with multiple instruments.
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Lemma A.2. For a constant K(3,%) depending only on 3 and 5 (but not on ),

"B |Bu(€ T) - B| < K(8,D).

Proof. We have

W@U‘ﬁ)—”[ (51 01252) ——5]=w%-<§1 “1252) 722 g
72 2

7 (fl—/@ﬂ'—?(fz—ﬂ)) —I—7r7‘@7r—7rr$ +r— —7f

2 2 2
=TT - (fl 5%—2(5 —W)) +7m(n7 —1) (ﬁ— 2)
P P
Using this and the fact that & and & — %252 are independent, it follows that
o
& — B - —12(52 — )

)

+ B, g|lnT — 1 ‘B— 12

ﬂ-Eﬂ'ﬂ‘/BU_/B’ <E7TB

where we have used the fact that £, 377 = 1. The only term in the above expression
that depends on 7 is mE, g|m7—1|. Note that this is bounded above by 7E, gn7+m = 27
(using unbiasedness and positivity of 7), so we can assume an arbitrary lower bound
on m when bounding this term.
Letting ™ = 7 /09, we have & /o9 ~ N(7,1), so that
D(& /09 1— CI> (2)
7 ¢(€2<§0'£) | =/ e ’¢
Let € > 0 be a constant to be determined later in the proof. By (1.1) in Baricz (2008)

1—-®(z) 1

T T
T c 1= FE
p o BT — 1] = o5 Ers

-1

~92 ~
" /zzfre o(2) R He—7)dx

N 1 1 _ z 1 ~
§W2/2>ﬁg ST = ¢(2—W)dz+7r2/z>m e ¢z —7)dz

The first term is

fr2/
Z>Te

T™T—z T—Z

Tz

¢(z—7~r)dzgfr2/

Z>TE

Bz~ 7)de < - / i §(as)

T2e

The second term is
1 1 T—(2+1/2)

L 1 1
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We also have
ol O —a) ~
" /z<frs W_% W¢(2_W)d2+ﬂ Z<7~r€¢(2_ﬂ)dz'

The second term is equal to 7®(7e — 7), which is bounded uniformly over 7 for e < 1.

¢(z—7~r)dz§7~r2/ )

The first term is

1
7?2/ (1 —®(2))exp <7~rz - —7?2) dz
z<Te 2
-2 - L,
T / o(t) exp <7rz — =7 ) dtdz
z<me Jt>z 2

1
7?2/ / o(t) exp (frz - —7?2> dzdt
teR J z<min{t,7e} 2

1 1 min{¢,7e}
=7lexp | —=72 / o(t) |z exp (7z) dt
2 teR ™ =0

= Fexp (—%7}2) /t . o(t) exp (7 min{t, 7e}) dt

< roxp (57 + <)
< p 27r +em |.

For € < 1/2, this is uniformly bounded over all 7 > 0.

A.2 Multiple Instrument Case

This section proves Theorem 3.1 and extends this theorem to cover unbiased estimators
that are efficient under strong instrument asymptotics in the heteroskedastic case. In

particular, we prove an extension of this theorem allowing for unbiased estimators
&EWE
EWE’
where W = W(¢) is a data dependent weighting matrix. For Theorem 3.1, W is the

that are asymptotically equivalent to a GMM estimator of the form BGMM’W =

deterministic matrix Z’Z. In models with non-homoskedastic errors the two step GMM

estimator with weighting matrix

A~ ~ N —1
W = (211 — Pasrs(Zi2 + Xa1) + 5225L5222> (10)
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is asymptotically efficient under strong instruments. Here, W is an estimate of the

inverse of the variance matrix of the moments & — S&;, which the GMM estimator sets

close to zero. Let

& W (E)ererel”
& W(g)e

(11)

e, (€ (b)) -
where

W(E®) = <211 — B(E®)(S12 + B + B(f(b))QEﬂ) B

for a preliminary estimator B(f(b)) of 8 based on £®. The Rao-Blackwellized esti-
mator formed by replacing w* with @, in the definition of 5%, gives an unbiased
estimator that is asymptotically efficient under strong instrument asymptotics with
non-homoskedastic errors, as we now show by proving an extension of Theorem 3.1
that covers the weight matrix in (10) in addition to the matrix Z’Z used in Theorem
3.1.

Consider the GMM estimator BGMM’W = gégz, where W = W(é) is a data depen-
dent weighting matrix. For Theorem 3.1, W is the deterministic matrix Z’Z while, in

the extension discussed above, W is defined in (10). In both cases, W 2 W* for some
positive definite matrix W* under the strong instrument asymptotics in the theorem.
For this W*, define the oracle weights

mW¥e;  nm'Wreelm

Wi =T T W*r - T W*r
and the oracle estimator
k
B = Bra(&, Diw*) = Bu(6, Dyw) = Y wiBy(€(), S(0)).
i=1

Define the estimated weights as in (11):

! A~
iy S W(ED) e
wz’ = wy (f ) - ! A

W (g®)ed)

and the Rao-Blackwellized estimator based on the estimated weights

Br = Bro(&, Z50") = B | Bu(e®, 25;0")

(| - ZE [ (€8)Bu(€0), 25() e
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In the general case, we will assume that @ (£®) is uniformly bounded (this holds for
equivalence with 2SLS under the conditions of Theorem 3.1, since supy, , -1 wZ'Zeelu
is bounded, and one can likewise show that it holds for two step GMM provided ¥ has

full rank). Let us also define the oracle linear combination of 2SLS estimators
S

ho xS,

BasLs = Wy —-

i=1 §2,i

Lemma A.3. Suppose that W is deterministic: w(£®) = w for some constant vector

w. Then BRB(E, Yw) = Bw(§7 Y w).

Proof. We have

Brp(€,Z;w)

k
£ |3 mte 0.2 - Yo [ute0 2]

Since £ (i) = ((i) + £(i) (where (i) = ({;, Cers)'), € (4) is independent of {5(3)}375@
conditional on &(7). Thus, F {BU(ﬁ(“)(i),QZ(i))‘ﬁ} =F {BU(f(“)(i),QE(i)) (7)|. Since

E | Bu(€@(i),25(i)) ‘5(1)] is an unbiased estimator for g that is a deterministic function
of £(i), it must be equal to By (£(i), £(4)), the unique nonrandom unbiased estimator
based on £(i) (where uniqueness follows by completeness since the parameter space
{(Bm;, m;)|m € Ry, B € R} contains an open rectangle). Plugging this in to the above
display gives the result. O

1=

Lemma A.4. Let ||| — oo with |||/ min; 7; = O(1). Then ||| (BGMM,W - BSSLS)
0.

Proof. Note that

; AU i N [(@Wee L b
Bemmw — Blsrs = Ve, ; oy ZZ( v, >£21

z’“: GWeicis  mWreieym\ €1 Zk: GWeieles  m'Wreielm (511 - 5)
52W€2 T Wm 62 i . §2W€2 T Wm 62 i

=1

where the last equality follows since Zle % = Zf T M'/Weiﬂ = 1 with proba-
2 2

bility one. For each i, m;(&1:/&2,: — ) = Op(1) and 52;’;; & w':{//‘:[/ei?” L0 as the
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elements of 7 approach infinity. Combining this with the above display and the fact
that ||7r||/ min; m; = O(1) gives the result. O

Lemma A.5. Let |7]| — oo with |||/ min; m = O(1). Then || (BSSLS - B%B) 2.

Proof. By Lemma A.3,

k
Il (Bons = ) = Il 3w (£ = Au(e(0). =)
i=1 &

By Theorem 2.3, 7; (g—’ — Bu(&@), E(z))) % 0. Combining this with the boundedness

of ||7]|/ min; 7; gives the result. O
Lemma A.6. Let ||| — oo with ||x]|/min; m; = O(1). Then ||| (B;B . B;;B> 2.

Proof. We have
k
B = Biw = DL B [(w = 07 (€)) Bul€(0), 22() ¢
. =1 A
=SB [(wr —6) (Ao @), 256) - 5) [¢]
i=1
using the fact that YF | w? = 3% @7 (é®) = 1 with probability one. Thus,

Egs .

k
B = Brs| <3 Bae | (wr = (6) (Bul€ @), 25()) - B))
=1

k
=3~ Bow i = 0} ()] Bpr |Br(€)(0), 226)) - 5.
=1

As |7 — oo, Wi (€®) —wr B 0 so, since W} (€®)) is bounded, Eg., }wj —wr(E®)| — 0.
By (€@ (3),25(i)) — B| = O(1) for each i. But this
follows by Lemma A.2, which completes the proof. m

Thus, it suffices to show that m; Es .

B Non-Normal Errors and Unknown Reduced Form
Variance

This appendix derives asymptotic results for the case with non-normal errors and an

estimated reduced form covariance matrix. Section B.1 shows asymptotic unbiasedness
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in the weak instrument case. Section B.2 shows asymptotic equivalence with 2SLS in
the strong instrument case (where, in the case with multiple instruments, the weights
are chosen appropriately). The results are proved using some auxiliary lemmas, which
are stated and proved in Section B.3.

Throughout this appendix, we consider a sequence of reduced form estimators

(Z'2)12'Y
(Z'2)\2'X

Sy
I

which we assume satisfy a central limit theorem:

VT le— | ™)) 4 v, (12)

T

where 7 is a sequence of parameter values and X* is a positive definite matrix. Fol-
lowing Staiger & Stock (1997), we distinguish between the case of weak instruments,
in which 77 converges to 0 at a v/T rate, and the case of strong instruments, in which
7w converges to a vector in the interior of the positive orthant. Formally, the weak

instrument case is given by the condition that
VT — 7 where 77 > 0 for all i (13)
while the strong instrument case is given by the condition that
7w — 7" where 77 > 0 for all 7. (14)

In both cases, we assume the availability of a consistent estimator ¥ for the asymptotic

variance of the reduced form estimators:
IS (15)
The estimator is then formed as
Brol€ /T, 0) = By [ Bu(€), 25T, (™)) ¢]

= / B (€ +TV28Y20 25T, (€ — T~V25Y20)) dPy (o, 1, (1)
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where £ = £ 4 T-1/251/2p and €0 = £ — T-1/25Y2y for 5y ~ N(0, I;,) independent
of é and 3, and we use the subscript in the expectation to denote the dependence of
the conditional distribution of 5<a> and 5@ on f]/T. In the single instrument case,
Brp(€,%/T, ) reduces to By (€, %/T).

For the weights w, we assume that (& (b)) is bounded and continuous in ¢® with
S (€®) = 1 and w;(af®) = w;(€®) for any scalar a, as holds for all the weights
discussed above. Using the fact that Sy (v/az,ad) = By (z, Q) for any scalar a and any

x and €2, we have, under the above conditions on w,
Bre(&, /T, d) = / Bu(VTE + £, 28, 0(VTE — £%0)) Py () = Bre(VTE £, ).

Thus, we can focus on the behavior of v/T é and X, which are asymptotically nonde-

generate in the weak instrument case.

B.1 Weak Instrument Case

The following theorem shows that the estimator ,@RB converges in distribution to a
random variable with mean (. Note that, since convergence in distribution does not
imply convergence of moments, this does not imply that the bias of BRB converges
to zero. While it seems likely this stronger form of asymptotic unbiasedness could be
achieved under further conditions by truncating B rp at a slowly increasing sequence of

points, we leave this extension for future research.

Theorem B.1. Let (12) (13) and (15) hold, and suppose that w(£®)) is bounded and

continuous in £ with w;(a&®) = w;(€®) for any scalar a. Then
Bru(&,5/T, %) = Bru(VTE, ,10) % Brp(€", 37, 1)
where & ~ N((7*'B,7*'),X*) and E [BRB(f*, Y w)| = 6.

Proof. Since VT€ A ¢ and ¥ 5 ¥*, the first display follows by the continuous map-

ping theorem so long as BRB(f*, Y¥*,w) is continuous in £* and >*. Since

Brp(€*, 5%, 0) = / Bu(€ + 25120, 25 (e — 2V20)) dPro 1y (1) (16)
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and the integrand is continuous in £* and ¥*, it suffices to show uniform integrability
over £* and ¥* in an arbitrarily small neighborhood of any point. The pth moment of

the integrand in the above display is bounded by a constant times the sum over 7 of

// ’511 + 22 (0)z, 257 (i ))\peb(zl)czﬁ(zQ)dzlsz = R(£"(i), £*(i), 0, p),

where R is defined below in Section B.3. By Lemma B.1 below, this is equal to

50 g0 (zw za@»?)”ﬂwo

VERD) VERD \ZR() D50
which is bounded uniformly over a small enough neighborhood of any £* and ¥* with
>* positive definite by Lemma B.2 below so long as p < 2. Setting 1 < p < 2, it follows
that uniform integrability holds for (16) so that BRB(f*, Y1) is continuous, thereby
giving the result. O]

B.2 Strong Instrument Asymptotics

Let W(f ®) f]) and W be weighting matrices that converge in probability to some pos-
itive definite symmetric matrix W. Let
&"W(EY, S)eieres”
& W (D, D)8
where ¢; is the ith standard basis vector in R*, and let
&Wé
EWE
The following theorem shows that BG aary and B RB(\/T £, % , W) are asymptot-

Zz’Z‘MM,Z‘ (g(b)) =

BGMM,VV =

ically equivalent in the strong instrument case. For the case where W(f ®) E) W =

Z'Z|T, this gives asymptotic equivalence to 2SLS.

Theorem B.2. Let W(g(b), f]) and W be wetghting matrices that converge in probability
to the same positive definite matriz W, such that wgy,,; defined above is uniformly

bounded over €®. Then, under (12), (14) and (15),
\/T (BRB(\/T~7 iLlDZJMM) - BGMMJ/T/) £> 0.
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Proof. As with the normal case, define the oracle linear combination of 2SLS estimators
S
. L
Basps = Z wy ==
i=1 2

where w} = % We have VT <BRB(\/_N,‘2 M) — BGMM,W) =]+II+11I
where I = \/T(BRB(\/Tf? 27 UA)Z'MM) o 6RB(\/_§ ia w ))7 IT = \/T(BRB(\/Téa ia ’U}*) -
BSSLS) and 111 = \/T(B2OSLS - BGMM,W)'

For the first term, note that

I = \/Tzk: Es [(wZ‘MM,i(g(b) >6U<\/_§(a)( ): i( ))‘{]

4

where the last equality follows since S | 0%, M@(é ®)) = 2% w? = 1 with probability

_ ﬁi s [ (@020 €) — wp) (Bo(VIE(0).(0) - )

one. Thus, by Holder’s inequality,

WfZ( i )"

for any p and g with p,q > 1 and 1/p+1/q = 1 such that these conditional expectations

p

60— |e]) " (s [|Bo(vTED ). 206 - 5

exist. Under (14), ngM’i(f(b)) 2 w? so, since ngM,,-@(b)) is uniformly bounded,
~ q
B {[wtanng (€9) = w

suffices to bound
\/T<Ez [’BU(ﬁg(a)(i),i(i)) iy ])”p JTR <\/— ()72(2'),6,19)1/17
_ i [ VIe0) f( (i) — Bé(i i), (211(2-) gu(iy)l/gﬁ S

— — = p
\/ E22 \/222 Yoa(i)  Dga(i)? 222(2)
for R and R as defined in Section B.3 below. By Lemma B.3 below, this is equal to

392(i) /€2 (i) times a Op(1) term for p < 2. Since y/399(i)/Ex(i) L \/S5,(0) /77, it
follows that the above display is also Op(1). Thus, I % 0.

‘5} will converge to zero for any ¢. Thus, for this term, it

p

1/p
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For the second term, we have

VTS (ﬁU (VTEG), <>>—28)

= VT Y ui (VTG (VTE(), Snli) — 1) (2—8 - g%) |

&) _ 21209
0! 0]
2.3.4 of Small (2010),

For each i converges in probability to a finite constant and, by Section

. Son(i)
VT [VT& @) (VTé (), Snli)) - 1‘3\/7%(2,)2%0.

The third term converges in probability to zero by standard arguments. We have

k P ~ ~ k P ~
f/ Wez'@"fé &1, fl Wez'@'fé 511
2 (wz GWE ) 5oV (wz > (522 0 )

i=1 §QW§2

where the last equality follows since Zle wi = Zle % with probability one.
2

The result then follows from Slutsky’s theorem.

B.3 Auxiliary Lemmas

For p>1, x € R?, Q a2 x 2 matrix and b € R, let
R(z,,b,p) = // ‘BU($ + 022, 20) — b ¢(21)(22) dz1dzy
and let
R(t,c1,¢9,c5,p) = // |7(t + 22,2)(c1 + c221) + [T(t + 22,2)t — 1] e3|” d(21)P(22) dz1d2s.

Lemma B.1. For R and R defined above,

~ To ry — bQJg Qll Q%Z) 1/2 ng
R.Z',Q,b, =R ) '\ T 02 ab__a
(& 5,7) (\/_Qz2 Vi (922 %, 0"
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Proof. Without loss of generality, we can let Q2 be the upper diagonal square root

matrix
Q B Q_%2 1/2 le
Ql/Q 11 Qa0 vV Qa2
0 V9
Then

BU(:E + 91/2"7’7 29)

) — O\ — Qs
= T(iEQ + 92222, 2922) . T + QH —_ - 21 + —29 — — <$2 + 9222’2) + Q_
22

Q22

N Q 9 QQ 1/2
_ T(x2/vV/ Qa2 + 22,2) N (911 B &) o — Q49 n Q49
Va9

Q22

so that

Bulz+ Q22,20) —b =

29/ Von 2 02,0\ /2 0 Q0
T(!E2/ 22 + 22, ) N (911 B 12> 4 12 i Pz
Vo

T(x2/v/ 22 + 22, 2) ( Q%z) 12 ( Q12) Q49
= w1 = @b+ | U — = a2+ (b—=— 22| +=— -0
s 1 2 11 . 1 . 2

\ QQ2 QQZ \% Q22

and the result follows by plugging this in to the definition of R.

@/ +20,2) (xl bt (Qn ) Q_%z>1/2 Zl) N (%(xg/\/ﬁ_gz t22) 1) (b i

m
We now give bounds on R and R. By the triangle inequality,
_ 1/p
R(t,c1,c0,03,p)' /7 < (//%(t + 20, 2)|c1 + ozt [P(21)d(20) dzldzz)
1/p
pen ([ [ 15 20217 oe00(e) e
= [Ci(t, p) - Calcy, Czyp)]l/p + C3CS<t7P)1/p (17)

where Cl(t7p> - f%(t + 2, 2)p¢(z> dZ, CQ<CI> CZuP) - f |Cl + 022|p¢(z) dz and C3(t7p> -
[ 17(t+ 2,2)t — 1[P¢(z) dz. Note that, by the triangle inequality, for ¢ > 0,

1/p
Ci(t,p)/r < (/ 17(t 4 2,2) — 1/t[P¢(2) dz) +1/t = (1/t) [Cs(t,p)" P + 1] . (18)

20



Similarly,

1/p
Cs(t,p)/? <1+t (/%(t + 2,2)P¢(2) dz) =1+ tCy(t, p)¥?. (19)

Lemma B.2. Forp <2, Ci(t,p) is bounded uniformly over t on any compact set, and

R(t,cy1,ca,c3,p) is bounded uniformly over (t,cy,ca,c3) in any compact set.

Proof. We have

p

1 1-2((t+2)/V2) o(2) d=

V2 o ((t+2)/V2)
—p/2 4(2) z ex —122 b 2)? ) dz
<o [ e < e (g )

for a constant K that depends only on p. This is bounded uniformly over ¢ in any

Ci(t,p) z/%(t+z,2)f)¢(z) dz:/

compact set so long as p/4 < 1/2, giving the first result. Boundedness of R follows

from this, (19) and boundedness of Cy(¢y, ¢a,p) over ¢, ¢z in any compact set. ]

Lemma B.3. For p < 2, tR(t, ¢y, ¢a,cs5,p)"/? is bounded uniformly over t,cy, cs,cs in

any set such that t s bounded from below away from zero and ¢y, co and c3 are bounded.

Proof. By (17) and (18), it suffices to bound tC3(¢,p)/? =t ([ |7(t + 2, 2)t — 1|P¢(2) d=) e,
Let € > 0 be a constant to be determined later. We split the integral into the regions

t+z<etandt+ z > et. We have

_ /HM ¢ [1 — ((t + z)/\/ﬁ)] — V29 ((t + z)/\/§> \p 75 ((t‘z’fi)/ﬂﬂp dz.

(20)
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This is bounded by a constant times

1
max{t, 1} < exp (——22 42 (t+ 2)2) dz
t+2z2<et

2 4
1
= max{¢t, 1} exp (——22 +L (2 + 2tz + t2)> dz
t+2<et 2 4
1
= max{t, 1} exp (—— (z*(1 —p/2) — *(p/2) — ptz)) dz
t+2<et 2

1=p/2( 5 D p ))
= max{t, 1 exp (— (z —t -2 tz dz
t }t+z§at 2 2—-p 2—-p
1—p/2 ( p )2 ( P )2 2 P
= max{t, 1 exp| ——— [ z——t) — | =—/— | t*——t dz
{ }t+z§€t p( 2 ( 2-p 2-p 2-p
L—p/2( p ( p )2 2 / 1—p/2( P )2
= max{t, 1} ex + t exp | — z——1t dz.
1 p( 2 (2—p 2—p e 2 2-p

We have
1—p/2 2
/ exp [ — p/ (z — Lt) dz
t4z<et 2 2—p

1—p/2 2
= / exp | — p/ <z = Lt) dz
2= tp/(2-p)<(e—1—p/ (2—p))t 2 2-p
1—p/2
:/ exp (——p/u2> dz,
u<(e—1—p/(2-p))t 2

which is bounded by a constant times

@ (He—1-p/@-P)VI-p2).

For t(e—1—p/(2—p)) < 0, this is bounded by a constant times exp <—1_Tp/2t2(1 +p/(2—-p)— e)2>.
Thus, (20) is bounded uniformly over ¢ > 0 by a constant times exp(—nt?) for some

n > 0 so long as

2 2
P p P P P
1+ — — > = 1
(+2—p 6) 2—p+(2—p> 2—p< +2—p>

which can be ensured by choosing € > 0 small enough so long as p < 2. Thus, € > 0

can be chosen so that (20) is bounded uniformly over ¢ when scaled by 7.
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For the integral over t + z > et, we have, by (1.1) in Baricz (2008),

1 p
/ |t7°(t—|—272)—1]p¢(z)dz:tp/ 7A'<t+2,2)—— ¢(z)dz
t+z>¢et t2>et t
1 1 p 1 1 p
< tP — dz + tp/ 1+ ds.
N /tJrzZst t+ 2z t gb(z) z ta>et (t + Z) + 2/(t + Z) t ¢(z) <
The first term is
z b 1 2P
tr — dz < — z d
[—l—zZet (t+ 2)t ¢(2)dz < tp c ¢(2) dz
The second term is
—< — 2 t p ]_ 2 t p
tp/ =2/t 4 ) P(z)dz < —/ el + 12/¢t] é(2) dz.
t+z>et [(t + Z) + 2/(t + Z)]t tp e

Both are bounded uniformly when scaled by ¢* over any set with ¢ bounded from below

away from zero. O

C Relation to Hirano & Porter (2015)

Hirano & Porter (2015) give a negative result establishing the impossibility of unbiased,
quantile unbiased, or translation equivariant estimation in a wide variety of models with
singularities, including many linear IV models. On initial inspection our derivation of
an unbiased estimator for 5 may appear to contradict the results of Hirano & Porter. In
fact, however, one of the key assumptions of Hirano & Porter (2015) no longer applies
once we assume that the sign of the first stage is known.

Again consider the linear IV model with a single instrument, where for simplicity
we let 0} = 02 = 1, 012 = 0. To discuss the results of Hirano & Porter (2015), it
will be helpful to parameterize the model in terms of the reduced-form parameters

(¢, ) = (7B, 7). For ¢ again the standard normal density, the density of ¢ is

f&,m) =0 (& — ) o (& —m).
Fix some value ¢*. For any m # 0 we can define 5(¢, 7) = % If we consider any

sequence {7;}%2, approaching zero from the right, then 8(¢*, 7;) — oo if ¢»* > 0 and
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B(y*,m;) — —oo if ¢* < 0. Thus we can see that § plays the role of the function « in
Hirano & Porter (2015) equation (2.1).

Hirano & Porter (2015) show that if there exists some finite collection of parameter
values (1, 4,74) in the parameter space and non-negative constants ¢; 4 such that their

Assumption 2.4,
F&G0,0) < craf (& via,ma) VE,
=1

holds, then (since one can easily verify their Assumption 2.3 in the present context)
there can exist no unbiased estimator of f3.

This dominance condition fails in the linear IV model with a sign restriction. For
any (¢, 4,7 4) in the parameter space, we have by definition that m 4 > 0. For any such
T4, however, if we fix & and take £ — —oo0,

(& —ma) . 1 o Lo _ o 1o _
521_1)11100 W = 521_12100 €xp D) (& — 7Tl,d) + 552 = 521_13900 exp | §oma — §7Tl,d =0.

Thus, limg, o % = 0, and for any fixed &, {cq};_; and {(Y1a, ma)})_,

there exists a & such that & < & implies

S

FE&0,0) > caf (&, ma) -

=1
Thus, Assumption 2.4 in Hirano & Porter (2015) fails in this model, allowing the
possibility of an unbiased estimator. Note, however, that if we did not impose 7 > 0
then we would satisfy Assumption 2.4, so unbiased estimation of 5 would again be
impossible. Thus, the sign restriction on 7 plays a central role in the construction of

the unbiased estimator BU.

D Lower Bound on Risk of Unbiased Estimators

This appendix gives a lower bound on the attainable risk at a given 7, 5 for an estimator
that is unbiased for g for all 7, § with 7 in the positive orthant. The bound is given by
the risk in the submodel where 7/||7|| (the direction of 7) is known. While the bound
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cannot, in general, be obtained, we discuss some situations where it can, which include

certain values of 7 in the case where £ comes from a model with homoskedastic errors.

Theorem D.1. Let U be the set of estimators for [ that are unbiased for all m €
(0,00)%, B € R. For any n* € (0,00)%, B* € R and any convex loss function {,

B g l(Bu (£5(7), 2% (7)) — B7) < inf Epe g l(B(E,5) — B7)

Beu

1

where & (7%) = [(L @ ) 7! (I, ® )] L) S and SF () = (Leor) S (Ler)] .

Proof. Consider the submodel with 7 restricted to IT* = {x*t|t € (0,00)}. Then &*(7*)
is sufficient for (¢, ) in this submodel, and satisfies £*(7*) ~ N((St,t)’, £*(7*)) in this
submodel. To see this, note that, for ¢, 8 in this submodel, £ follows the generalized
least squares regression model & = (Iy ® 7*)(5t,t)" + € where ¢ ~ N(0,X), and £*(7*)
is the generalized least squares estimator of (5t,t)".
Let G(&(m*), %(7*)) be a (possibly randomized) estimator based on &(7*) that is un-
biased in the submodel where 7 € II*. By completeness of the submodel, £ [3(5(7?*), ()€ ()| =

ﬁAU(f(ﬂ*), Y(7*)). By Jensen’s inequality, therefore,
Bl (BE(r"), 2(n) = B) = Epe ¢ (B B, 2(x))I&7(8)| - 8)

(this is just Rao-Blackwell applied to the submodel with the loss function ¢). By
sufficiency, the set of risk functions for randomized unbiased estimators based on &(7*) in
the submodel is the same as the set of risk functions for randomized unbiased estimators
based on ¢ in the submodel. This gives the result with U/ replaced by the set of
estimators that are unbiased in the submodel, which implies the result as stated, since
the set of estimator which are unbiased in the full model is a subset of those which are

unbiased in the submodel. O

Theorem D.1 continues to hold in the case where the lower bound is infinite: in this
case, the risk of any unbiased estimator must be infinite at 8*, 7*. By Theorem 2.2, the
lower bound is infinite for squared error loss £(t) = t* for any 7*, 3*. Thus, unbiased

estimators must have infinite variance even in models with multiple instruments.
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While in general Theorem D.1 gives only a lower bound on the risk of unbiased
estimators, the bound can be achieved in certain situations. A case of particular interest
arises in models with homoskedastic reduced form errors that are independent across
observations. In such cases Var (U, V")) = Var (Ui, V1)) ® I, where Iz is the T x T
identity matrix, so that the definition of ¥ in (3) gives ¥ = Var (U, V1)) @ (2'Z)~".
Thus, in models with independent homoskedastic errors we have ¥ = Quy ® Q)7 for a

2 X 2 matrix Quy and a k X k matrix ()z.

Theorem D.2. Suppose that [(I, @ ) X7 (I, @ 7)] Lo S = (Lear))
for some a(r*) € RE. Then By (€*(n*), ©(x*)) defined in Theorem D.1 is unbiased at any
7w, B such that a(7*)'m > 0. In particular, if a(m*) € (0,00)%, then By (£*(7*), 2(x*)) e U
and the risk bound is attained. Specializing to the case where ¥ = Quy ® Qz for a

2 X 2 matriz Quy and a k X k matriz Qz, the above conditions hold with a(m*) =
™Q, /(7 Q1 ), and the bound is achieved if Q,'m* € (0, 00)F.

Proof. For the first claim, note that under these assumptions £*(7*) = (a(7*)'&y, a(n%)' &)’
is N((a(m*)7 B, a(x*)w), S (x)) distributed under m, 8, so By (£*(7*), S(x*)) is unbi-
ased at 7, 8 by Theorem 2.1. For the case where ¥ = Quy ® )z, the result follows by

properties of the Kronecker product:

[(L®7) (Quv ® Qz) ' (IL® ™)) - (Ler) (Quv®Qz)"
_ [Qﬁ%/ ® W*/leﬂ'*}_l (Q{]%/ ® W*/le) -L® [W*’Q;/ (W*’leﬂ*)] '
]

The special form of the sufficient statistic in the homoskedastic case derives from the
form of the optimal estimator in the restricted seemingly unrelated regression (SUR)
model. The submodel for the direction 7* is given by the SUR model

Y Zm* 0 I1 U
_|_
X 0 Zr* t V
Considering this as a SUR model with regressors Z7* in both equations, the optimal

estimator of (ft,t)" simply stacks the OLS estimator for the two equations, since the
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regressors Zm* are the same and the parameter space for (ft,t) is unrestricted. Note
also that, in the homoskedastic case (with Q7 = (Z'Z)71), & (n*) and & (n*) are pro-
portional to 7% Z'Z&, and ¥ 7' Z&,, which are the numerator and denominator of the
2SLS estimator with &, replaced by 7* in the first part of the quadratic form.

Thus, for certain parameter values 7* in the homoskedastic case, the risk bound
in Theorem D.1 is obtained. In such cases, the estimator that obtains the bound is
unique, and depends on 7* itself (for the absolute value loss function, which is not
strictly concave, uniqueness is shown in Section D.1 below). Thus, in contrast to
settings such as linear regression, where a single estimator minimizes the risk over
unbiased estimators simultaneously for all parameter values, no uniform minimum risk
unbiased estimator will exist. The reason for this is clear: knowledge of the direction
of m = 7* helps with estimation of 3, even if one imposes unbiasedness for all .

It is interesting to note precisely how the parameter space over which the estimator
in the risk bound is unbiased depends on 7*. Suppose one wants an estimator that
minimizes the risk at 7* while still remaining unbiased in a small neighborhood of 7*.

In the homoskedastic case, this can always be done so long as 7 € (0,00)"

, since
™ Q, 7 > 0 for 7 close enough to 7*. Where one can expand this neighborhood while
maintaining unbiasedness will depend on 77* and Q. In the case where 7 le is in the
positive orthant, the assumption 7 € (0,00)* is enough to ensure that this estimator
is unbiased at 7. However, if 7'Q),' is not in the positive orthant, there is a tradeoff
between precision at 7* and the range of m € (0,00)* over which unbiasedness can be
maintained.

Put another way, in the homoskedastic case, for any 7* € R¥\{0}, minimizing the
risk of an estimator of § subject to the restriction that the estimator is unbiased in a
neighborhood of 7* leads to an estimator that does not depend on this neighborhood,
so long as the neighborhood is small enough (this is true even if the restriction 7* €

(0,00)* does not hold). The resulting estimator depends on 7*, and is unbiased at  iff

™Q, T > 0.
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D.1 Uniqueness of the Minimum Risk Unbiased Estimator un-

der Absolute Value Loss

In the discussion above, we used the result that the minimum risk unbiased estimator in
the submodel with 7 /||7|| known is unique for absolute value loss. Because the absolute
value loss function is not strictly concave, this result does not, to our knowledge, follow
immediately from results in the literature. We therefore provide a statement and proof
here. In the following theorem, we consider a general setup where a random variable ¢ is
observed, which follows a distribution P, for some p € M. The family of distributions

{P,|pt € M} need not be a multivariate normal family, as in the rest of this paper.

Theorem D.3. Let 6 = 0(€) be an unbiased estimator of 0 = 0(u) where p € M for
some parameter space M and © = {0]0(n) = 0 some p € M} C R, and where £ has the
same support for all u € M. Let 9~(§, U) be another unbiased estimator, based on (§,U)
where & and U are independent and 6(€) = E[0(¢,0)€] = [0(¢,U)dQ(U) where Q
denotes the probability measure of U, which is assumed not to depend on p. Suppose

that 0(€) and 0(¢,U) have the same risk under absolute value loss:
EW|0(¢,U) = 0(u)| = E,|0($) — ()| for all ju € M.
Then 0(€,U) = 0(€) for almost every & with 0(¢) € ©.
Proof. The display can be written as
B, { B 1066, 0) = 001)1[¢] = 10(6) = 6)|} = 0 for all e M.

By Jensen’s inequality, the term inside the outer expectation is nonnegative for p-almost
every . Thus, the equality implies that this term is zero for u-almost every £ (since

EX = 0implies X = 0 a.e. for any nonnegative random variable X'). This gives, noting

that [ 18(¢, U) — 6()| dQ(U) = E, [16(¢, U) - 0()l¢].

/|9~(§, U) — 0(p)| dQ(U) = |6(€) — ()| for p-almost every € and all p € M.
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Since the support of ¢ is the same under all y € M, the above statement gives
/|9~(§, U) —6|dQ(U) = |A(¢) — 0] for almost every & and all § € ©.

Note that, for any random variable X, F|X| = |EX]| implies that either X > 0 a.e.
or X < 0 a.e. Applying this to the above display, it follows that for all & € © and
almost every &, either 0(&,U) < # a.e. U or 0(¢,U) > 6 a.e. U. In particular, whenever
é(f) € O, cither 0(¢, U) < é(f) a.e. U or 0(€, U) > é(ﬁ’) a.e. U. In either case, the
condition [0(&,U)dQ(U) = 0(€) implies that 6(¢,U) = 0(¢) a.e. U. Tt follows that,
for almost every & such that 6(¢) € ©, we have 0(¢,U) = 0(¢) ae. U, as claimed. [

Thus, if 6(¢) € © with probability one, we will have 6(¢,U) = 0(¢) ae. (& U).
However, if 9(5 ) can take values outside © this will not necessarily be the case. For
example, in the single instrument case of our setup, if we restrict our parameter space
to (m, 8) € (0,00) X [¢, 00) for some constant ¢, then forming a new estimator by adding
or subtracting 1 from BU with equal probability independently of & whenever BU <c-—1
gives an unbiased estimator with identical absolute value risk.

In our case, letting £(7*) be as Theorem D.1, the support of £(7*) is the same under
7*t, B for any t € (0,00) and § € R. If B(£(n*),U) is unbiased in this restricted pa-
rameter space, we must have, letting 8y (€* (), ©*(wr)) be the unbiased nonrandomized
estimator in the submodel, E[3(&(x*),U)|&(n*)] = By (€(x*), *(x)) by completeness
for any random variable U with a distribution that does not depend on (t, 3). Since
Bu(€(n*), 2*(x)) € R with probability one, it follows that if (£(*),U) has the same
risk as By (E(7*), % (n)) then B(E(n*),U) = By (&(n*), ©*(x)) with probability one, so
long as we impose that 5(5(71'*), U) is unbiased for all t € (1 —e,1+4¢) and 3 € R.

E Reduction of the Parameter Space by Equivariance

In the appendix, we discuss how we can reduce the dimension of the parameter space

using an equivariance argument. We first consider the just-identified case and then note
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how such arguments may be extended to the over-identified case under the additional

assumption of homoskedasticity.

E.1 Just-Identified Model

For comparisons between (BU, BQSLS, @FULL> in the just-identified case, it suffices to

consider a two-dimensional parameter space. To see that this is the case let 6 =

a (05}
(8, 7,02, 012,02) be the vector of model parameters and let gu, for A = ! ;
0 as

a1 # 0, ag > 0, be the transformation

gAfzsz &1 _ a1&1 + az6s
&2 az&s

which leads to 5 being distributed according to the parameters

where
3= (a1 + ap)
as
T = asm
~2 2 2 2 2
~ _ 2
019 = A1Q3019 + A203049
and

Define G as the set of all transformations g4 of the form above. Note that the sign
restriction on 7 is preserved under g4 € G, and that for each g4, there exists another

1 € G such that gAggl is the identity transformation. We can see

transformation ¢,
that the model (2) is invariant under the transformation g4. Note further that the

estimators Sy, Pasrs, and Brypr are all equivariant under g4, in the sense that

af (&) + 0z

as

B(gaé) =

60



Thus, for any properties of these estimators (e.g. relative mean and median bias, relative
dispersion) which are preserved under the transformations g, it suffices to study these
properties on the reduced parameter space obtained by equivariance. By choosing A

appropriately, we can always obtain

5:1 N 0 | 1 &1
& 0 o1 1

for 7 > 0, o012 > 0 and thus reduce to a two-dimensional parameter (m,oq3) with

012 € [0, 1), > 0.

E.2 Over-lIdentified Model under Homoskedasticity

As noted in Appendix D, under the assumption of iid homoskedastic errors 3 is of the
form ¥ = Quy ® Qz for matrix Quy = Var((U, V1)) and Q7 = (Z2'Z)~'. If we let
ot = Var(Uy), o = Var(Vy), and oyy = Cov(Uy, V;), then using an equivariance
argument as above we can eliminate the parameters o, o, and 3 for the purposes

of comparing B25LS, BFULL, and the unbiased estimators. In particular, define 6 =

a, a
(8,7, 0%, ouv, 0%, Qz) and again let A = b , a1 # 0, azg > 0 and consider the
0 as
transformation
= &1 ar&1 + a8y
ga§ =& = (AR I) =
&2 aszéa

which leads to é being distributed according to the parameters

0= (67ﬁ76(2]76UVa&%/a QZ)

where
= (a1 +ag)
p= it
as
T = Q3™

~2 2 2 2 2

~ 2
Oyy = a10430yy + Q20303
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and
Qz =Qz.

Note that this transformation changes neither the direction of the fist stage, 7 /||7||,
nor (7. If we again define G to be the class of such transformations, we again see
that the model is invariant under transformations g4 € G, and that the estimators for
£ we consider are equivariant under these transformations. Thus, since relative bias
and MAD across estimators are preserved under these transformations, we can again
study these properties on the reduced parameter space obtained by equivariance. In
particular, by choosing A appropriately we can set 62 = 62 = 1 and 3 = 0, so the

remaining free parameters are 7, oy, and ().

F Additional Simulation Results in Just-Identified Case

This appendix gives further results for our simulations in the just-identified case. We
first report median bias comparisons for the estimators BU, BQSLS, and BFU L, and then
report further dispersion and absolute deviation simulation results to complement those

in Section 4.1.2 of the paper.

F.1 Median Bias

Figure 3 plots the median bias of the single-instrument IV estimators against the mean
of the first stage F statistic. In all calibrations considered the unbiased estimator has a
smaller median bias than 2SLS when the first stage is very small and a larger median
bias for larger values of the first stage. By contrast the median bias of Fuller is larger
than that of both the unbiased and 2SLS estimators, though its median bias is quite
close to that of the unbiased estimator once the mean of the first stage F statistic

exceeds 10.
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Figure 3: Median bias of single-instrument estimators, plotted against mean F [F] of first-stage F-

statistic, based on 10 million simulations.

F.2 Dispersion Simulation Results

The lack of moments for Bg srs complicates comparisons of dispersion, since we cannot
consider mean squared error or mean absolute deviation, and also cannot recenter 325 LS
around its mean. As an alternative, we instead consider the full distribution of the
absolute deviation of each estimator from its median. In particular, for the estimators

(BU, Bosrs, Brur 1) we calculate the zero-median residuals

(ev,€25L8, EFULL) = (BU — med <BU> , BasLs — med (BQSLS) , Brupr — med (BFULL)) -

Our simulation results suggest a strong stochastic ordering between these residuals
(in absolute value). In particular we find that |easrs| approximately dominates |eg/|,
which in turn approximately dominates |epy |, both in the sense of first order stochas-
tic dominance. This numerical result is consistent with analytical results on the tail
behavior of the estimators. In particular, Bgs s has no moments, reflecting thick tails in
its sampling distribution, while BFULL has all moments, reflecting thin tails. As noted

in Section 2.3, the unbiased estimator BU has a first moment but no more, and so falls
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between these two extremes.

To check for stochastic dominance in the distribution of (|ey|, |easrs|, [eFvrL]), we
simulated 10° draws of BU, Bgs Ls, and B rurr on a grid formed by the Cartesian product
of
o1 € {0, (0.005)2 , (0.01)2 , .... (0.995)%} and 7 € {(0.01)?,(0.02),..,25} . We use
these grids for o5 and m, rather than a uniformly spaced grid, because preliminary
simulations suggested that the behavior of the estimators was particularly sensitive to
the parameters for large values of o5 and small values of 7.

At each point in the grid we calculate (ey, €255, €FuLr), using independent draws
to calculate ey and the other two estimators, and compute a one-sided Kolmogorov-
Smirnov statistic for the hypotheses that (i) |e;v| > |ey| and (ii) |ey| > |erurr|, where
A > B for random variables A and B denotes that A is larger than B in the sense of
first-order stochastic dominance. In both cases the maximal value of the Kolmogorov-
Smirnov statistic is less than 2 x 1073, Conventional Kolmogorov-Smirnov p-values are
not valid in the present context (since we use estimated medians to construct ¢), but

are never below 0.25.

F.3 Containment of BU in Anderson-Rubin Confidence Set

As noted in Section 2.4, the Anderson-Rubin test is uniformly most powerful unbiased
in the just identified model. One can show, however, that the unbiased estimator BU
is not always contained in the Anderson-Rubin confidence set (that is, the confidence
set formed by collecting the set of all parameter values not rejected by the Anderson-
Rubin test). Specifically, consider the case where &, is large and negative, & is large
and positive, and o1 is non-negative. In this case, the Anderson-Rubin confidence set
will consist solely of negative values, while BU will be large and positive, and so will
necessarily lie outside the Anderson-Rubin confidence set.

While this sort of scenario can easily arise if our sign constraint is violated, it

occurs with only low probability when the sign constraint is satisfied. In particular, as
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in Section F.2 we consider a fine grid of values in the parameter space and simulate
the frequency with which the unbiased estimator is contained in the Anderson-Rubin
confidence set at each point (based on 100,000 simulations). We find that the probability
that the 95% Anderson-Rubin confidence set contains the unbiased estimator ,@U is
always at least 97%, and exceeds 99.8% when the mean of the first stage F statistic is
greater than two. Likewise, the probability that the 90% Anderson-Rubin confidence
set contains BU is always at least 94.5%, and exceeds 99.3% when the mean of the first

stage F statistic is greater than two.

G  Multi-Instrument Simulation Design

This appendix gives further details for the multi-instrument simulation design used in
Section 4.2. We base our simulations on the Staiger & Stock (1997) specifications for
the Angrist & Krueger (1991) data. The instruments in all specifications are quarter
of birth and quarter of birth interacted with other dummy variables, and in all cases
the dummy for the fourth quarter (and the corresponding interactions) are excluded
to avoid multicollinearity. The rationale for the quarter of birth instrument in Angrist
& Krueger (1991) indicates that the first stage coefficients on the instruments should
therefore be negative.

We first calculate the OLS estimates 7. All estimated coefficients satisfy the sign
restriction in specification I, but some of them violate it in specifications II, 111, and
IV. To enforce the sign restriction, we calculate the posterior mean for 7 conditional on
the OLS estimates, assuming a flat prior on the negative orthant and an exact normal

distribution for the OLS estimates with variance equal to the estimated variance. This

s (3)10(3)

for the first-stage coefficient on instrument ¢, where 7; is the OLS estimate and &; is

yields an estimate

its standard error. When 7; is highly negative relative to &;, m; will be close to 7,

but otherwise 7; ensures that our first stage estimates all obey the sign constraint. We
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then conduct the simulations using 7* = —& to cast the sign constraint in the form
considered in Section 1.2.

Our simulations fix 7*/||7*|| at its estimated value and fix Z’'Z at its value in the
data. By the equivariance argument in Appendix E we can fix 03 = 0% =1 and 8 =0
in our simulations, so the only remaining free parameters are ||7|| and oy We consider
opy € {0.1,0.5,0.95} and consider a grid of nine values for ||| such that the mean of
the first stage F statistic varies between 2 and 11.2. For each pair of these parameters

we set

5= ®(2'2)"

and draw of £ as
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