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Abstract

We consider inference in models defined by approximate moment conditions. We
show that near-optimal confidence intervals (CIs) can be formed by taking a general-
ized method of moments (GMM) estimator, and adding and subtracting the standard
error times a critical value that takes into account the potential bias from misspeci-
fication of the moment conditions. In order to optimize performance under potential
misspecification, the weighting matrix for this GMM estimator takes into account this
potential bias, and therefore differs from the one that is optimal under correct spec-
ification. To formally show the near-optimality of these Cls, we develop asymptotic
efficiency bounds for inference in the locally misspecified GMM setting. These bounds
may be of independent interest, due to their implications for the possibility of using
moment selection procedures when conducting inference in moment condition models.
We apply our methods in an empirical application to automobile demand, and show

that adjusting the weighting matrix can shrink the ClIs by a factor of 3 or more.
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1 Introduction

Economic models are typically viewed as approximations of reality. However, conventional
approaches to estimation and inference assume that a model holds exactly. In this paper,
we weaken this assumption, and consider inference in a class of models characterized by
moment conditions which are only required to hold in an approximate sense. The failure of
the moment conditions to hold exactly may come from failure of exclusion restrictions (e.g.
through omitted variable bias or because instruments enter the structural equation directly
in an IV model), functional form misspecification, or other sources such as measurement
error, or data contamination.

We assume that we have a model characterized by a set of population moment condi-
tions g(f). In the generalized method of moments (GMM) framework, for instance, g(f) =
Elg(w;,0)], which can be estimated by the sample analog - 3" | g(w;,0), based on the
sample {w;}" ;. When evaluated at the true parameter value 6y, the population moment

condition lies in a known set specified by the researcher,

9(0o) = c/V/n, ceC.

The set C formalizes the way in which the moment conditions may fail, and it can then be
varied as a form of sensitivity analysis, with C = {0} reducing to the correctly specified case.

We focus on local misspecification: the scaling by /n implies that the specification
error and the sampling error are of the same order of magnitude, and it ensures that the
asymptotic approximation captures the fact that it may not be clear from the sample at hand
whether the model is correctly specified. It also leads to increased tractability, allowing us
to deliver a simple method for inference on a structural parameter of interest h(f), rather
than a pseudo-true parameter. This tractability has made local misspecification a popular
tool for sensitivity analysis in applied work, especially following the recent influential paper
by Andrews et al. (2017)." As with any asymptotic device, our modeling of misspecification
as local should not be taken to mean that we literally believe that the model would be closer
to correct if we had more data. Rather, its usefulness should be judged by whether it yields
accurate approximations to the finite-sample behavior of estimators and confidence intervals,
which in our case requires that the set C/+/n be small relative to sampling uncertainty.

We propose a simple method for constructing asymptotically valid confidence intervals
(CIs) under this setup: one takes a standard estimator, such as the GMM estimator, and adds

and subtracts its standard error times a critical value that takes into account the potential

IFor recent empirical examples using local sensitivity analysis, see Gayle and Shephard (2019), or Duflo
et al. (2018).



asymptotic bias of the estimator, in addition to its variance. A key insight of this paper is
that because the CIs must be widened to take into account the potential bias, the optimal
weighting matrix for the correctly specified case (the inverse of the variance matrix of the
moments) is generally no longer optimal under local misspecification. Rather, the optimal
weighting matrix takes into account potential misspecification in the moments in addition
to the variance of their estimates: it places less weight on moments that are allowed to be
further from zero according the researcher’s specification of the set C. We also show that
an analogous result holds for other performance criteria, such as estimation under the mean-
squared error: the optimal weighting matrix again trades off the potential misspecification
of the moments against their precision, although the optimal tradeoff is different.

To illustrate the practical importance of this result, we apply our methods to form
misspecification-robust ClIs in an empirical model of automobile demand based on Berry
et al. (1995). We consider sets C motivated by the forms of local misspecification considered
in Andrews et al. (2017), who calculate the asymptotic bias of the usual GMM estimator in
this model. We find that adjusting the weighting matrix to account for potential misspec-
ification substantially reduces the potential bias of the estimator and, as a result, leads to
large efficiency improvements of the optimal CI relative to a CI based on the GMM estimator
that is optimal under correct specification: it shrinks the CI by up to a factor of 3 or more
in our main specifications. As a result, we obtain informative Cls in this model even under
moderate amounts of misspecification.

We show that the Cls we propose are near-optimal when the set C is convex and cen-
trosymmetric (¢ € C implies —c¢ € C). To this end, we argue that the relevant “limiting
experiment” for the locally misspecified GMM model is isomorphic to an approximately
linear model of Sacks and Ylvisaker (1978), which falls under a general framework studied
by, among others, Donoho (1994), Cai and Low (2004) and Armstrong and Kolesar (2018).
We derive asymptotic efficiency bounds for CIs in the locally misspecified GMM model that
formally translate bounds from the approximately linear limiting experiment to the locally
misspecified GMM setting. In particular, these bounds imply that the scope for improvement
over our Cls by optimizing expected length at a particular value of 6y and ¢ = 0 (while still
maintaining coverage over the whole parameter space for 6 and C) is limited, even if one
optimizes expected length at the true values of 6, and c.

These efficiency bounds address an important criticism of our Cls: they require a priori
specification of the set C that defines misspecification, including both the magnitude of mis-
specification and which moments are misspecified. In particular, one cannot substantively
improve upon our CI by, say, trying to use data-driven methods that gauge misspecification

magnitude or try to determine which moments are misspecified. These bounds have implica-



tions for procedures proposed by Andrews and Guggenberger (2009), DiTraglia (2016) and
McCloskey (2019), who consider the case where some moments are known to be correctly
specified and no a priori bound is placed on the magnitude of misspecification of the re-
maining moments. As we discuss in Section 4.3.2, in this case our CI reduces to the usual
CI based on the ki correctly specified moments, and our efficiency bounds show that Cls
proposed in these papers cannot substantively improve upon it.

Because we cannot use the data to determine the magnitude M of the set C, we rec-
ommend plotting our Cls as a function of the potential misspecification magnitude M, or
reporting the smallest value of M for which a particular finding breaks down. Such sensitiv-
ity analysis is easy to conduct under out proposed implementation. In particular, we show
that, when the set C is characterized by ¢, constraints, the class of weightings that trace
out the optimal bias-variance tradeoff as a function of how much relative weight we put on
the bias can be easily computed by recasting the problem as a penalized regression problem.
By exploiting this analogy, we develop a simple algorithm for computing this class under
(~ constraints that is similar to the LASSO/LAR algorithm (Efron et al., 2004; Rosset and

2 Furthermore, as we

Zhu, 2007); under ¢, constraints, the solution admits a closed form.
discuss in Section 3, this class of weightings is entirely determined by the shape of C; its
magnitude M only determines the optimal relative weight we should put on the bias. Thus,
tracing out the optimal weighting as a function of M can be done at essentially no additional
computational cost. Furthermore, to avoid having to reoptimize the objective function with
respect to the new weighting matrix, one can also form the CIs by adding and subtracting
our critical value from a one-step estimator (see Newey and McFadden, 1994, Section 3.4)
based on any initial estimate that is y/n-consistent under correct specification. We illustrate
this approach in our empirical application in Section 6.

Our paper is related to several strands of literature. Our efficiency results are related
to those in Chamberlain (1987) for point estimation in the correctly specified setting (see
also Hansen, 1985) and, more broadly, semiparametric efficiency theory in correctly specified
settings (see, e.g., Chapter 25 in van der Vaart, 1998). As we discuss in Section 4.3, some
of our efficiency results are novel even in the correctly specified case, and may be of inde-
pendent interest. Kitamura et al. (2013) consider efficiency of point estimators satisfying
certain regularity conditions when the misspecification is bounded by the Hellinger distance.
As we discuss in more detail in Section 4.3.4, our results imply that under this form of mis-
specification, the optimal weighting matrix remains the same as under correct specification;

both the usual GMM estimator and the estimator proposed by Kitamura et al. (2013) can

2An R package implementing our CIs under £, constraints is available at https://github.com/kolesarm/
GMMSensitivity.
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thus be used to form near-optimal Cls, and both estimators have the same local asymptotic
minimax properties.

Local misspecification has been used in a number of papers, which include, among others,
Newey (1985), Berkowitz et al. (2012), Conley et al. (2012), Guggenberger (2012), and Bugni
and Ura (2019), and has antecedents in the literature on robust statistics (see Huber and
Ronchetti, 2009, and references therein). Andrews et al. (2017) consider this setting and
note that asymptotic bias of a regular estimator can be calculated using influence function
weights, which they call the sensitivity, and show how such calculations can be used for sen-
sitivity analysis in applications (see also extensions of these ideas in Andrews et al. 2018 and
Mukhin 2018). Our results imply that, if one is interested in inference, conclusions of such
sensitivity analysis may be substantially sharpened by using the misspecification-optimal
weighting matrix, or, equivalently, the misspecification-optimal sensitivity. In independent
work, Bonhomme and Weidner (2020) provide a framework for estimation and inference in
misspecified likelihood models when the misspecification set C is defined with respect to a
larger class of models using statistical notions of distance. Our focus is on overidentified
moment condition models, as in Andrews et al. (2017), and we are agnostic about how C
is determined. The proposal to use estimators that optimize an asymptotic bias-variance
tradeoff using the influence function is common to both papers. The efficiency bounds in
Section 4 are unique to the present paper.

The rest of this paper is organized as follows. Section 2 presents our misspecification
robust Cls. Section 3 gives step-by-step instructions for computing our Cls, along with
discussion of other practical issues. Section 4 presents efficiency bounds for Cls in locally
misspecified models; it can be skipped by readers interested only in implementing the meth-
ods. Section 5 discusses applications to particular moment condition models. Section 6
presents an empirical application. Additional results and proofs are collected in appendices

and an online supplement.

2 Misspecification-robust Cls

We have a model that maps a vector of parameters § € © C R% to a d,-dimensional popula-
tion moment condition g(#) that restricts the distribution of the observed data {w;}! ;. We
allow the moment condition model to be locally misspecified, so that at the true value 6y, the
population moment condition is not necessarily zero, but instead lies in a y/n-neighborhood

of 0:
g(0o) = c/\/n, ceC, (1)



where C C R% is a known set. The set C may allow for misspecification in potentially all
moment conditions; we do not require that some elements of ¢ are zero. Our goal is to
construct a CI for a scalar h(fy), where h: R%? — R is a known function. For example, if
we are interested in one of the elements 6; of 6, we would take h(f) = 6;. More generally,
the function h will be nonlinear, as is, for example, generally the case when 6 is a vector of
supply or demand parameters, and h(6) is an elasticity, or some counterfactual.

This setup allows (but does not require) both 6y and h(6y) to have the same interpretation
as in the correctly specified case, so that our Cls may still be interpreted as Cls for the
structural parameter, elasticity, or counterfactual of interest. For this interpretation, one
typically needs to rule out forms of misspecification that affect the mapping 6 — h(6).
While we do not formally consider cases in which this mapping itself is misspecified, such
cases are covered under a mild generalization of our framework, in which A is a function of
both 6 and c.

Note that the interpretation of h(6y), and the conceptual framework defining 6, is not
affected by our modeling of the misspecification as local: given a set C, =C /\/n, the
moment conditions g(6p) € C,, describe the restrictions that the data generating process and
the researcher’s modeling assumptions place on y.> The plausibility of these restrictions is
evaluated for a given sample size at hand; it doesn’t depend on assumptions about how CNn
changes with n. While we focus on sequences 5n = C/+/n, we discuss in Remark 3.3 how
our insights can be used to construct Cls that are valid global misspecification, when 5n is
fixed with n.

To formalize the notion of asymptotic validity and efficiency of Cls, we will need to allow
the true parameter value 6 as well as the vector ¢ and the data generating process (and hence
the map 6 — ¢(0)) to vary with the sample size. For clarity of exposition, we focus here
on the case in which these parameters are fixed. See Theorem 4.1 and Appendix C for the
general case. Under some forms of misspecification, such as functional form misspecification,
there may be additional higher-order terms on the right-hand side of (1); our results remain
unchanged if this is the case. Again, for clarity of exposition, we focus on the case in which (1)
holds exactly.

We assume that the sample moment condition §(6), constructed using the data {w;} |,

satisfies
Vi(§(6s) — 9(60)) 2 N(0, %), (2)

3Formally, for a given sample size n, 8 may be set identified, and the identified set under a_distribution
P is defined as the set of parameters 6y that satisfy the moment conditions Epg(w;,0y) € C, where Ep
denotes expectation under P. We construct Cls that cover h(fy) for points 6y in the identified set (see
Imbens and Manski, 2004, for a discussion of this notion of coverage). See Section 4 and Appendix C for
formal definitions of coverage and optimality of our ClIs.




where % denotes convergence in distribution as n — oo. In the GMM model, the population

and sample moment conditions are given by g(0) = Elg(w;,6)] and §(0) = £ 3" | g(w;, ),
respectively, where g(-,-) is a known function. However, to cover other minimum distance
problems, we do not require that the moment conditions necessarily take this form. We

further assume that the moment condition is smooth enough so that

for any 6, = 6y + Op(1/V/n), 9(0n) = §(0) = (0, — 00) + op(1/v/n), (3)

where I' is the d, x dy derivative matrix of ¢ at 6. Conditions (2) and (3) are standard
regularity conditions in the literature on linear and nonlinear estimating equations; see Newey
and McFadden (1994) for primitive conditions. Finally, we also assume that h is continuously

differentiable with the 1 x dy derivative matrix at 6y given by H.

2.1 ClIs based on asymptotically linear estimators

Under correct specification, when C = {0}, standard estimators h of h(0) are asymptotically
linear in §(6y). This will typically extend to our locally misspecified case, so that for some

vector k € R%
V(b = h(0o)) = K /ng(0o) + op(1) 5 N (Ke, K'Sk), (4)

where the convergence in distribution follows by (1) and (2). If in addition, the estimator is
regular (so that equality in Eq. (4) holds uniformly for 6 in a \/n-neighborhood of 6;), then
k will satisfy (see e.g. Section 2 in Newey, 1990)

H=—kT. (5)
For example, in a GMM model, if we take h = h(fy) where
Ow = argmin §(6)' W §(6), (6)
0

is the GMM estimator with weighting matrix W, Egs. (4) and (5) will hold with &' =
—HI'WT)™'I'W (see Newey, 1985). Because the vector k determines the local asymptotic
bias of the estimator, we follow Andrews et al. (2017), and refer to k as the sensitivity of h.

We now show how to construct misspecification-robust Cls based on an asymptotically
linear estimator i with a given sensitivity k. In Section 2.2, we show how to choose this
sensitivity optimally, to achieve the shortest CI among those based on regular asymptotically

linear estimators. In Section 4, we will show that, under this choice of k, the resulting CI
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is (near) optimal not only within the class of ClIs based on regular asymptotically linear
estimators, but among all Cls that satisfy the asymptotic coverage requirement.
Let k and ¥ be consistent estimates of k& and X. Then by Slutsky’s theorem,

Vn(h = h(6)) iw\/( K'c 71) |
Under correct specification, the right-hand side corresponds to a standard normal distribu-
tion, and we can form a CI with asymptotic coverage 100 - (1 — )% as h & Z1—aj2\/ kSk/n,
where z1_,/5 is the 1 — /2 quantile of a N(0, 1) distribution; this is the usual Wald CI.
When we allow for misspecification, the Wald CI will no longer be valid. However,
note that the asymptotic bias k'¢/vk'Sk is bounded in absolute value by biase(k)/vVE Sk

where biasc(k) = sup.cc|k'c|. Therefore, given ¢, the z-statistic in the preceding display is
asymptotically N(t,1) where |t| < biasc(k)/vk’Sk. This leads to the CI

VESk

where cv, (%) is the 1 — o quantile of |Z|, with Z ~ N (¢,1). In particular, cv,(0) = z1_4/2,

bt oy, (M) NN ™

so that in the correctly specified case, (7) reduces to the usual Wald CI. As we discuss
in Section 4, in the limiting experiment, this CI becomes equivalent to the fixed-length CI
proposed by Donoho (1994).

To form a one-sided CI based on an estimator A with sensitivity k, one can simply subtract

its maximum bias, in addition to the standard error:

[h — biasc(k)/v/n — z1_a\/ 'Sk /n, 00). (8)

One could also form a valid two-sided CI by adding and subtracting the worst-case bias
biase(k)//n from h, in addition to adding and subtracting zl,a/m/l%’il%/n; however, since
h cannot simultaneously have a large positive and a large negative bias, such CI will be

conservative, and longer than the CI in (7).

2.2 Optimal CIs

The asymptotic length of the CI in Eq. (7) is given by

2. Ve (%c(k) /\/k’2k> NN (9)



To attain the shortest possible CI, we therefore need to use an estimator with sensitivity that
minimizes this expression. We restrict attention to asymptotically linear estimators that are
regular, so that we need to minimize (9) subject to (5). The CI length in Eq. (9) depends
on # only through . Furthermore, it depends on the sensitivity only through the maximum
bias, biasc(k), and the variance k'Y k. Therefore, rather than minimizing (9) directly over all
sensitivities &k, one can first minimize the variance subject to a bound B on the worst-case
bias,

mkin K'Yk  st.(5) and sup|k'c| < B, (10)

ceC

and then vary the bound B to find the bias-variance trade-off that leads to the shortest CIL.
In our implementation in Section 3, we focus on the case where C is characterized by ¢, con-
straints, in which case a closed-form expression for the worst-case bias sup,..|k’c| is available,
and it is computationally trivial to solve (10) directly or in Lagrange multiplier form. In
general, when the set C is convex, one can reformulate (10) as a convex optimization problem,
leading to a computationally tractable solution (see Section 4). One can also use (10) to
determine the optimal sensitivity for constructing one-sided Cls, if we use quantiles of excess
length as the criterion for choosing a CI. We provide details in Appendix C.

Once the optimal sensitivity has been determined, we can implement an estimator with
this sensitivity as a one-step estimator. In particular, let éinitial be an initial \/n-consistent
estimator of 6, let k = k+ op(1) be a consistent estimator of the desired sensitivity k. Then
the one-step estimator

~

h = h<éinitial> + ]%Ig(éinitial)
will have the desired sensitivity. This follows from the Taylor expansion

\/ﬁ(il — h(by)) = H\/ﬁ(éinitial — o) + ]%/\/ﬁg(éinitial) + op(1)
= (H + I%/F)\/ﬁ(éinitial —0o) + ]%/\/ﬁg(eo) +op(1),

where the second line follows from (3). It then follows from (5) that the first term converges

in probability to zero, and h satisfies (4).

3 Practical implementation

We now give step-by-step instructions for computing our CI. To make it easy to determine
the sensitivity of the CI to the magnitude of misspecification, we consider sets of the form C =
C(M) = {Mc: ¢ € C(1)}, where the scalar M measures the magnitude of misspecification.
We discuss the exact specification of the set C(M) in Remark 3.1 below.



The fact that M simply scales the potential magnitude of misspecification leads to a
simplification when tracing out the optimal CI as a function of M. In particular, let {ky}r>0
be the bias-variance optimizing class of sensitivities that traces out the solutions to Eq. (10)
as we vary the bound B when C = C(1). The index )\ determines the relative weight on the
bias; it can correspond to the Lagrange multiplier in a Lagrangian formulation of (10), or
we can simply take A = B if we are solving (10) directly. Let By = biasc(1)(ky). It then
follows by a change-of-variables argument that %c( my(kn) = M B, and that k, minimizes
the asymptotic variance subject to this bound on worst-case bias over C(M). Thus, {kj}r>0
is also a bias-variance optimizing class of sensitivities for C(M). We therefore only need to
compute the class {ky}r>0 only once, even when a range of values M is considered.

With this simplification, we can construct Cls for a range of values of M as follows:

1. Obtain an initial estimate éinitia] and estimates H , [and 3 of H , ['and X.

In particular, for the GMM model, when §(f) = %Zyzl g(w;, 0), we can take O:itial
to be the GMM estimator 6y = argmin, §(#)'W§(#) for some weight matrix W. The
remaining objects are the usual quantities used to estimate the asymptotic variance
of this estimator: 3 = %Z?:l g(w;, éinitial)g(wi, éinitial)’ (or, in the case of dependent
observations, an autocorrelation robust version of this estimate), ' = %g(%‘@:émml
(or, if g(f,w) is nonsmooth, a numerical derivative as in Hong et al. 2015, or Section

7.3 of Newey and McFadden 1994) and H = %h(‘g)‘e:é- "

2. Compute the bias-variance optimizing class {ky} =0 that solves (10) with C = C(1) and
with 3 in place of . Algorithms and closed-form solutions for computing {kx }xso for

particular choices of C(M) are discussed in Remark 3.1. Let By = sup,cc) |k c|. For

each M, let A%, minimize the CI length* 2cva(M§,\/\/l%’Aﬁ]/%A) . \/l;’;i/%,\ over \.

3. For each M, construct the one-step estimator /Am?w = h(éinitizﬂ) + I%Q\M g(émmal), and

report the misspecification-robust CI under C(M)

hys, £ v, (MFW / /%;*Mif%) /R Sk /n. (11)

Remark 3.1 (Choice of C(M)). A simple and flexible way of forming the set C is to take

C=C(M)={By: [l < M}, (12)

4The critical value cv,(b) can easily be computed in statistical software as the square root of the 1 — «
quantile of a non-central x2 distribution with 1 degree of freedom and non-centrality parameter b.
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where B is a d, X d, matrix and ||| is some norm. The matrix B can be used to standardize
moments, account for their correlations, or to pick out which moments are believed to be
misspecified. For instance, setting B to the last d, columns of the d, x d, identity matrix
allows for misspecification in the last d, moments, while maintaining that the first d, — d,
moments are valid.

In light of our result in Section 4 that it is not possible to determine the set C in a
data-driven way, the normalizing matrix B and the baseline misspecification magnitude
M used should be chosen to reflect application-specific arguments about which forms of
misspecification are plausible; we can then vary M over other plausible choices as a form of
sensitivity analysis. We illustrate this in the context of our application in Section 6, and we
refer the reader to Conley et al. (2012) and Andrews et al. (2017) for additional examples
and discussion. Alternatively, one can also use measures of statistical distance such as the
probability of detecting that the model is misspecified to aid with interpretation of M, as
suggested in Hansen and Sargent (2008) or Bonhomme and Weidner (2020).

While it is not possible to determine M automatically, it is possible to obtain a lower
CI [Mpin, 00] for M, which can be used as a diagnostic check verifying that the values
of M considered are not too small. We develop such tests by generalizing the J-test of
overidentifying restrictions in Appendix B. We recommend reporting the lower bound M,
along with the plot of the optimal CI as a function of M.

The norm |-|| determines how the researcher’s bounds on each element of 7 interact.
With the /., norm, one places separate bounds on each element of +, which leads to a
simple interpretation: no single element of v can be greater than M. Under an ¢, norm
with 1 < p < oo, the bounds on each element of ~ interact with each other, so that larger
amounts of misspecification in one element is allowed if other elements are correctly specified.
Depending on whether such interactions are desirable, we recommend setting p = 2, or
p = 0.

For these choices of the norm, computing the class of optimal sensitivities {l;/')\} A>0 18
particularly simple. In particular, when |[-|| corresponds to an ¢, norm, the worst-case bias
has a closed form, since by Holder’s inequality, biase(ar (k) = supyy,<1 M|K'By| = M| B'kl|,
where p’ is the Holder complement of p (pf = 1 if p = oo, while p’ = 2 if p = 2), and
the optimal sensitivities {l%,\} A>0 can be computed by casting the problem as a penalized
regression problem. We explain the connection to penalized regression, and provide details
in Appendix A.2.

When p = 2, so that ||-|| corresponds to the Euclidean norm, the problem is analogous to
ridge regression, and the optimal sensitivities in Step 2 of the implementation take the form
i\ = —H(D'W,\I)~'I"Wy, where Wy = (ABB'+%)~!, with By = || B'ky||2. As an alternative

11



to using the one-step estimator in Step 3 of the implementation, one can implement this
sensitivity directly as a GMM estimator with weighting matrix W) (see also Remark 3.2
below). Relative to the optimal weighting matrix X! under correct specification, the matrix
W, trades off precision of the moments against their potential misspecification.

When p = oo, the penalized regression analogy leads a simple algorithm for computing
the optimal sensitivities {ky}r=o that is similar to the LASSO/LAR algorithm (Efron et al.,
2004). We give details on the algorithm in Appendix A.2. It follows from this algorithm
if B corresponds to columns of the identity matrix, as M grows, the optimal sensitivity
successively drops the “least informative” moments, so that in the limit, if d; < d, + dy,
the optimal sensitivity corresponds to that of an exactly identified GMM estimator based
on the dy “most informative” moments only, where “informativeness” is given by both the
variability of a given moment, and its potential misspecification. If d;, > d, + dy, one simply

drops all invalid moments in the limit.

Remark 3.2. In Step 3 of our implementation, we use a one-step estimator sz to compute
a CI that is asymptotically valid and optimal. Due to concerns about finite-sample behavior
(analogous to concerns about finite sample behavior of one-step estimators in the correctly
specified case), one may prefer using a different estimator that is asymptotically equivalent
to hy. In general, one can implement an estimator with sensitivity k£ as a GMM or minimum
distance estimator by using an appropriate weighting matrix, so that one can in particular
replace hy by h(fy ), with the weighting matrix W appropriately chosen. To give the formula
for the weighting matrix, let I'; denote a d, x (d, — dy) matrix that’s orthogonal to I', so that
I',T" =0, and let I'; denote a consistent estimate. Let S denote a dg x dp matrix that satisfies
ST = —1I and I%A — SH'. Then we can set W = SW,S’ + fLWQfl for some non-singular
matrix Wi, and an arbitrary conformable matrix Ws. It can be verified by simple algebra

that y, will have sensitivity k.

Remark 3.3 (Global misspecification). While we focus on the local misspecification setting,
in which the set C/y/n shrinks with n at a 1/4/n, one can use our insights about optimal
weighting to construct a CI that retains the near-optimality properties of the above CI
under local misspecification, while having correct coverage under asymptotics in which this
set shrinks more slowly or stays fixed with the sample size (the latter is termed “global
misspecification” in the literature). Let W be a weighting matrix that leads to the optimal
sensitivity, as described in Remark 3.2 above, and let Z; be a CI constructed from the GMM
estimator with moment conditions 6 +— g(w;, 0) —¢. Let Z = Uzcc/,mZe be the union of these
CIs over possible values of ¢ in the set C/y/n. Such an approach was suggested in the context

of misspecified linear IV by Conley et al. (2012), although they did not consider adjusting
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the weighting matrix. The resulting CI has correct asymptotic coverage under both local and
global misspecification, and, for one-sided CI construction, is asymptotically equivalent under
local misspecification to the CI discussed above. We provide further details in Appendix D.
In the appendix, we also discuss a second approach to constructing Cls valid under global
misspecification based on misspecification-robust standard errors (Hall and Inoue, 2003),
which is applicable if the estimate of the worst-case bias under global misspecification is
asymptotically normal. The resulting one- and two-sided Cls are asymptotically equivalent

under local misspecification to the optimal CIs discussed above.

Remark 3.4 (Other performance criteria). In addition to constructing a CI, one may be
interested in a point estimate of h(fy), using mean squared error (MSE) as the criterion. The
steps to forming the MSE optimal point estimate are exactly the same as above, except that,
rather than minimizing CI length in Step 2, we choose A to minimize %g(/%,\)z + /%ﬁ\i]/%)\ =
MBy + /%&XA]I%A Similar ideas apply to other criteria, such as mean absolute deviation or
quantiles of excess length of one-sided Cls (discussed in Appendix C). If A is chosen differently
in Step 2 the CI computed in Step 3 will be longer than the one computed at A},, but it will

still have correct coverage.

4 Efficiency bounds and near optimality

The CI given in Eq. (11) has the apparent defect that the local misspecification vector ¢
is reflected in the length of the CI only through the a priori restriction C imposed by the
researcher. Thus, if the researcher is conservative about misspecification, the CI will be
wide, even if it turns out that ¢ is in fact much smaller than the a priori bounds defined by
C. Moreover, this approach requires the researcher to explicitly specify the set C, including
any tuning parameters such as the parameter M if the set takes the form C = C(M) that we
considered in Section 3. One may therefore seek to improve upon this CI by estimating the
magnitude of ¢, or by estimating the tuning parameters, and constructing a CI that is shorter
if these estimates indicate that misspecification is mild. Similarly, it may be restrictive to
require that the CI be centered at an asymptotically linear estimator: this rules out, for
example, using a J-test to decide which moments to use.

The main result of this section shows that, when C is convex and centrosymmetric (¢ € C
implies —c¢ € C), the scope for improving on the CI in (11) is nonetheless limited: no
sequence of Cls that maintain coverage under all local misspecification vectors ¢ € C can
be substantially tighter, even under correct specification. This result can be interpreted as
translating results from a “limiting experiment” that is an extension of the linear regression

model. We first give a heuristic derivation of this limiting experiment and explain our result
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in the context of this limiting experiment. We then present the formal asymptotic result,
and discuss its implications in some familiar settings. Readers who are interested only in
implementing the methods, rather than efficiency results, can skip this section.

We restrict attention in this section to the GMM model, in which §(6) = 2 37" | g(w;, 6),
and we further restrict the data {w;}"_; to be independent and identically distributed (i.i.d.).
Similar to semiparametric efficiency theory in the standard, correctly specified case, this fa-
cilitates parts of the formal statements and proofs, such as the definition of the set of distri-
butions under which coverage is required and the construction of least favorable submodels.

We expect that analogous results could be obtained in other settings.

4.1 Limiting experiment

As discussed in Section 2.1, we can form Cls based on linear estimators with asymptotic
distribution N (k’c, K’Yk). This suggests that the problem of constructing an asymptotically
valid CI for h(f) in the model (1) is asymptotically equivalent to the problem of constructing

a CI for the parameter H6 in the approximately linear model
Y =-T0+c+2%, ced, e~ N(0,1), (13)

where I, H and X%? are known, and we observe Y. One can think of this model as an
“approximately” linear regression model, with —I" playing the role of the design matrix of
the (fixed) regressors, and c¢ giving the approximation error. This model dates back at
least to Sacks and Ylvisaker (1978), who considered estimation in this model when C is
a rectangular set and Y is diagonal. The analog of the asymptotically linear estimator h
in (4) is the linear estimator k£'Y. To see the analogy, note that k'Y — H# is distributed
N((—=K'T — H)0+ k¢, K'Sk), and restricting ourselves to estimators that do not have infinite
worst-case bias when 6 is unrestricted gives the condition (5). In the limiting experiment, the
analog of the CI (7) is given by the CI k'Y + cv,(biase(k)/VEK'SE) - VA'Sk. Finding weights
that minimize the length of this CI is isomorphic to the problem of finding the sensitivity
that minimizes the asymptotic CI length in (9).

For a general convex set C, the bias-variance optimization problem in Eq. (10) can be
reformulated as a convex programming problem, as shown in Low (1995). In particular,
when the set C is centrosymmetric (see Appendix C for the general case), the bias-variance

optimizing class of weights {k)} =0 is given by the class {ks}s>0, where

W1 _ —(05 — F95)’Z‘1
d 6,5, H,C (05 - FQ(;)’E*IFH’/HH”

(14)
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and, for each 0, cs, 05 are the solutions to the convex program

supHO st. ceC, (c—TO)X ! c—-T0) <§*/4 (15)
0,c

It then follows from Donoho (1994) that among fixed-length CIs based on linear estima-
tors (Cls that take the form k'Y £ x for some constant x), the shortest CI in the limiting

experiment takes the form

k:;*Y + CVa(%c(kg*)/ k:;*i]%*) "V kS*Zkg*, (16>

where biasc(ks) = —kjcs, and 0* = argming. o 2 cv, (biase(ks)/\/k;Sks) - \/k;Sks is chosen
to minimize the CI length. The CI in (11) is an analog of this CI, with ¢ playing the role of
the index A.

The CI in (16) takes a familiar form in the special case in which C is a linear subspace of
R so that for some d, x d., full-rank matrix B with d, < d, —dg, C = {B7y: v € RV}, Let
B, denote a d, x (dy — d,) matrix that’s orthogonal to B. Then for any § > 0, k§ = kg 5,
where

kisp=—H('B (B YB.)"'B\T) 'I"B.(B\YB,) "B} (17)

is the sensitivity of the GLS estimator after pre-multiplying (13) by B’ , (which effectively
picks out the observations with zero misspecification). Since this estimator is unbiased, the
ClLin (16) becomes k7g gY =+ 21-a/24/ k1 p2kLs,B-

Like the asymptotic CI (11), the CI in (16) has the potential drawback that its length
is determined by the worst possible misspecification in C, leaving open the possibility of
efficiency improvements when ¢ turns out to be close to zero. As a best-case scenario for
such improvements, consider the problem: among confidence sets with coverage at least 1 —«
for all # € R% and ¢ € C, minimize expected length when 6§ = 6* and ¢ = 0. Note that
this setup is even more favorable for potential improvements on our CI, since it allows the
researcher to guess correctly that 6 is equal to some 6*, and it allows for confidence sets that
are not intervals (in this case, length is defined as Lebesgue measure). Let k.(H,I',%,C)
denote the ratio of this optimized expected length relative to the length of the CI in (16) (it
can be shown that this ratio does not depend on 6*).

If C is convex, a formula for k,(H,T',3,C) follows from applying the general results in
Corollary 3.3 in Armstrong and Kolesar (2018) to the limiting model. If C is also centrosym-
metric, then
~ 0B [w(2(z1 0 ] s

1
re(H,T,3,C) = ( 2)\2 )
2ming cv, <2w,(5) — g)
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where Z ~ N(0,1) and w(d) is two times the optimized value of (15). Furthermore, we
show in Theorem C.7 that the right-hand side is lower-bounded by (z1_(1 — @) — 2,®(Z,) +
d(21-a) — 0(2a))/ 21-a/2, Where Zo = 21_q — 21_q/2 for any H, I', ¥ and C, where ¢(-) denotes
the standard normal density. For ae = 0.05, this universal lower bound evaluates to 71.7%.
Evaluating k. for particular choices of H, I, 3, and C often yields even higher efficiency.

If C is a linear subspace, then w(d) is linear, and
(1-a)zia+d(21-0) _ 2i-a

> , 19
21-a/2 © R1-a/2 (19)

ko (H,T,5,C) =

where the lower bound follows since ¢(z;_,) > az1_, by the Gaussian tail bound 1 — ®(z) <
¢(x)/x for x > 0. This bound corresponds to that in Pratt (1961) for the case of a univari-
ate normal mean. The potential efficiency improvement essentially comes from using prior
knowledge of #* to turn a two-sided critical value into a one-sided critical value. Further-
more, it follows from Joshi (1969) that the CI k7 g 5Y & 21 424 /K5 X ks 5 is the unique
CI that achieves minimax expected length. Thus, not only is the scope for improvement
at a particular 8* bounded by (19), any CI with shorter expected length at some 6* must
necessarily perform worse elsewhere in the parameter space.

For the one-sided CI (8), the analogous CI in the limiting experiment is [k'Y — biasc (k) —
21—V E'SE, 00), and, as we discuss in Appendix C, to choose the optimal sensitivity k, one
can consider optimizing a given quantile of its worst-case excess length. The results in
Armstrong and Kolesar (2018) again give an efficiency bound for improvement at ¢ = 0 and
a particular #*, analogous to (18) for the two-sided case. See Appendix C for details. If C is a
linear subspace, then optimizing quantiles of worst-case excess length yields the CI [k spY —
21-a/ ks 85kLs B, o0), independently of the quantile one is optimizing. Furthermore, the
efficiency bound implies that this one-sided CI is in fact fully optimal over all quantiles of
excess length and all values of 0, ¢ in the local parameter space.

These efficiency results for the CI (16) in the limiting experiment suggest that the scope
for improvement over the CI in (11) should be limited in large samples. Theorem 4.1, stated
in the next section, uses the analogy with the approximately linear model (13) along with
Le Cam-style arguments involving least favorable submodels to show that this bound indeed
translates to the locally misspecified GMM model. For one-sided Cls, we state an analogous

result in Appendix C. We discuss the implications of these results in Section 4.3.
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4.2 Asymptotic efficiency bound

To make precise our statements about coverage and efficiency, we need the notion of uniform
(in the underlying distribution) coverage of a confidence interval. This requires additional
notation, which we now introduce. Let P denote a set of distributions P of the data {w;} |,
and let ©,, C R% denote the parameter space for #. We require coverage for all pairs
(0, P) € ©,, x P such that v/ngp() € C, where the subscript P on the population moment
condition makes it explicit that it depends on the distribution of the data.” Letting S, =
{(0,P) € ©, x P : y/ngp(f) € C} denote this set, the condition for coverage at confidence

level 1 — « can be written

liminf inf P(h(#)€Z,) >1—a. (20)
n—oo (0,P)ESy
We say that a confidence set Z,, is asymptotically valid (uniformly over S,,) at confidence
level 1 — « if this condition holds.°
Among two-sided CIs of the form h £ that are asymptotically valid, we prefer CIs with
shorter expected length. To avoid issues with convergence of moments, we use truncated
expected length, and define the asymptotic expected length of a two-sided CI at P, € P as
lim infr_,o liminf, .., Ep, min{y/n - 2x, T}, where Ep denotes expectation under P.

We are now ready to state the main efficiency result.

Theorem 4.1. Suppose that C is convex and centrosymmetric. Let hae and Xx+ be formed
as in Section 3. Suppose that Assumptions C.2, C.3, C.5, C.6 and C.7 in Appendiz C hold.
Suppose that the data {w;}!_, are i.i.d. under all P € P. Let (0*, Py) be correctly specified
(i.e. gp,(0*) = 0) such that P contains a submodel through Py satisfying Assumption C.1.
Then:

(i) The CI hy £ Xx+ s asymptotically valid, and its half-length X4. satisfies \/nXs =
x(0, P) + op(1) uniformly over (0, P) € S,, where

x(0, P) = min cva(biase(k)/\/k'Sepk) /KXo pk

with biase (k) calculated with T =Ty p and H = Hy.

5To be precise, we should also subscript all other quantities such as I and X by P. To prevent notational
clutter, we drop this index in the main text unless it causes confusion.

6In general, 6y and h(fy) may be set identified for a given sample size n (although our assumptions imply
that the identified set will shrink at a root-n rate). The coverage requirement (20) states that the CI must
cover points in the identified set for h(#), as in Imbens and Manski (2004); see Appendix C.
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(i) For any other asymptotically valid CI h+x,

liminfr_, liminf, . Ep min{y/n - 2x,T}
2X(0*7 PO)

Z H*(Hg*, FQ*,P@? ZG*,PWC)?

where k.(H,T,3,C) is defined in (18). Furthermore, for any H, %, T, and C, k. admits
the universal lower bound (z1-o(1 — @) — 24P (Za) + ¢(21-a) — #(Z24))/21—a/2, where

Zo = Z1—a — Z1—a/2 and ¢(-) denotes the standard normal density.

The proof for this theorem is given in Appendix C, which also gives an analogous result
for one-sided confidence intervals. Assumptions C.2, C.3, C.5, C.6 and C.7, stated in Ap-
pendix C, require that the conditions in Section 2 hold in a uniform sense over the class
P. In the supplemental materials, we give primitive conditions for these assumptions in the
misspecified linear IV model. Assumption C.1, also stated in the appendix, requires that the
class P be rich enough to contain a submodel that is least favorable for the GMM problem,
so that the class doesn’t implicitly impose any other conditions that could be used to make
inference easier. In the supplemental materials, we provide a general way of constructing a
submodel satisfying these conditions.

The universal lower bound on &, is new and may be of independent interest. For a = 0.05,
it evaluates to 71.7%. The universal lower bound is sharp in the sense that there exist I', 3, H
and C for which k, equals this lower bound. In particular applications, the efficiency bound
k. can be computed at estimates of I', ¥ and H, and often, this gives much higher efficiencies.

We illustrate these bounds in the empirical application in Section 6.

4.3 Discussion

To help build intuition for the efficiency bound in Theorem 4.1, and to relate this result to
the literature, we now consider some special cases. We first discuss the (standard) correctly
specified case. Second, we consider the case in which some moments are known to be valid,
and the misspecification in the remaining moments is unrestricted. This case may be of
interest in its own right. We then discuss the general case. Finally, we discuss the connection

to certain statistical measures of distance considered in the literature.

4.3.1 Correctly specified case

Suppose that C = {0}. This is in particular a linear subspace of R%, with B = 0, and B, = I,
the d, x d, identity matrix. Thus, in the limiting experiment, the optimal CI uses the GLS
estimator k7¢,Y, with kzgo given in (17) (with B = 0). For testing the null hypothesis
HO = hy against the one-sided alternative HO > hg, the one-sided z-statistic based on
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k1Y is uniformly most powerful (van der Vaart, 1998, Proposition 15.2). Inverting these
tests yields the CI [k]0Y — 21-a4/kL502kLs0,00). Since the underlying tests are uniformly
most powerful, this CI achieves the shortest excess length, simultaneously for all quantiles
and all possible values of the parameter 6. For two-sided Cls, the results described in
Section 4.1 imply that the CI A4, + 21 a/24 /K] 50X kLso is the unique CI that achieves
minimax expected length, and the efficiency of this CI relative to a CI that optimizes its
expected length at a single value 6* of § when indeed 6 = 0* is given in Eq. (19). It evaluates
to 84.99% at o = 0.05.

Applying Theorem 4.1 to the case C = {0} gives an asymptotic version of the two-sided
efficiency bound. Furthermore, the CI in Theorem 4.1 reduces to the usual two-sided CI
based on fs,-1. Thus, in this case, Theorem 4.1 shows that very little can be gained over the
usual two-sided CI by optimizing the CI relative to a particular distribution F. Results in the
appendix give an analogous result for one-sided Cls. In the one-sided case, this asymptotic
result is essentially a version of a classic result from the semiparametric efficiency literature
for one-sided tests, applied to ClIs (see Chapter 25.6 in van der Vaart, 1998). In the two-sided

case, the result is, to our knowledge, new.

4.3.2 Some valid and some invalid moments

Consider now the case in which the first d, —d, moments are known to be valid, with the po-
tential misspecification for the remaining d, moments unrestricted. Then C = {(0,+)": v €
R%} corresponds to a linear subspace with B given by the last d, columns of the identity
matrix, and B, given by the first d; — d, columns. Optimal CIs in the limiting experi-
ment therefore use the estimator k74 gY’, which is the GLS estimator based only on the
observations with no misspecification.

The one-sided CI based on k7 g Y achieves the shortest excess length, simultaneously
for all quantiles and all possible values of the parameter 6. The two-sided CI k}gpY +
21—a/24 /k257BZkL57B is optimal in the same sense as the usual CI in Section 4.3.1: it achieves
minimax expected length, and its efficiency, relative to a CI that optimizes its length at a
single 0* and v = 0, is lower-bounded by 21_4/21_4 /2. Theorem 4.1 formally translates the
efficiency bound from the limiting model to the GMM model, so that the usual two-sided
CI based on h(éW(B)) is asymptotically efficient in the same sense as the usual CI based
on h(éz—l) discussed in Section 4.3.1 under correct specification. Just as with the results
in Section 4.3.1, this asymptotic result is, to our knowledge, new. The one-sided analog
follows from the results in Appendix C. These results stand in sharp contrast to the results
for estimation, where the MSE improvement at small values of v may be substantial.

An important consequence of these results is that asymptotically valid one-sided Cls
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based on shrinkage or model-selection procedures, such as one-sided versions of the Cls
proposed in Andrews and Guggenberger (2009), DiTraglia (2016) or McCloskey (2019) must
have worse excess length performance than the usual one-sided CI based on the GMM
estimator h(éw( p)) that uses valid moments only. While it is possible to construct two-sided
CIs that improve upon the usual CI based on h(éw( p)) at particular values of § and ~, the
scope for such improvement is smaller than the ratio of one- to two-sided critical values.
Furthermore, any such improvement must come at the expense of worse performance at

other points in the parameter space.”

Therefore, in order to tighten CIs based on valid
moments only, it is necessary to make a priori restrictions on the potential misspecification

of the remaining moments.

4.3.3 General case

According to the results in Section 4.3.2, one must place a priori bounds on the amount
of misspecification in order to use misspecified moments. This leads us to the general case,
where we place the local misspecification vector ¢ in some set C that is not necessarily a linear
subspace. One can then form a CI centered at an estimate formed from these misspecified
moments using the methods in Section 3. In the case where C is convex and centrosymmetric,
Theorem 4.1 shows that this CI is near optimal, in the sense that no other CI can improve
upon it by more than a factor of k., even in the favorable case of correct specification. Since
the width of the CI is asymptotically constant under local parameter sequences 6,, — 6* and
sufficiently regular probability distributions P,, — Fy (for example, P,, — F, along submodels
satisfying Assumption C.1), this also shows that the CI is near optimal in a local minimax
sense. In the general case, Theorem 4.1, as well as the analogous results for one-sided Cls
in Appendix C are, to our knowledge, new.

As we discuss in Section 3, we recommend reporting results for a range of sets C(M)
indexed by a scalar M that bounds the magnitude of misspecification. One may instead
wish to report a single CI based on a data-driven estimate of M, for example, by using a
first-stage J test to assess plausible magnitudes of misspecification. Formally, one would
seek a CI that is valid over C(M) while improving length when in fact ||y|| < M, where M
is some initial conservative bound. When C is convex and centrosymmetric, Theorem 4.1
shows that the scope for such improvements is limited: the average length of any such CI
cannot be much smaller than the CI that uses the most conservative choice M, even when

¢ = 0. The impossibility of choosing M based on the data is related to the impossibility of

"Consistently with these results, in a simulation study considered in DiTraglia (2016), the post-model
selection CI that he proposes is shown to be wider on average than the usual CI around a GMM estimator
that uses valid moments only.
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using specification tests to form an upper bound for M. On the other hand, it is possible to

obtain a lower bound for M using such tests. We develop lower CIs for M in Appendix B.

4.3.4 Cressie-Read divergences

Andrews et al. (2018) have shown that defining misspecification in terms of the magnitude
of any divergence in the Cressie and Read (1984) family leads to a set C that asymptotically
takes the form C = {XV%y : ||y|ls € M} = {c: ¥ '¢ < M?}. The Cressie-Read family
includes the Hellinger distance used by Kitamura et al. (2013), who consider minimax point
estimation among estimators satisfying certain regularity conditions. Since this set C takes
the form discussed in Remark 3.1 with p = 2 and B = ¥/2, it follows from the discussion in
Remark 3.1 that the optimal sensitivity corresponds to the GMM estimator with weighting
matrix (ABB'+3)~' = (A\+1)7'X7!. Since this is proportional to the weighting matrix ¥~
that is optimal under correct specification, we obtain the same optimal sensitivity k75, =
—H(I'S7IT) 727! as in the correctly specified case discussed in Section 4.3.1. As we show
in Appendix A.1, this form of C leads to a closed form solution for the efficiency bound k..

The results above imply that any estimator with sensitivity krs is near-optimal for CI
construction. In line with these results, the estimator in Kitamura et al. (2013) has sensitivity
krso. Thus, the usual GMM estimator h(0s-1) and the estimator in Kitamura et al. (2013)
are both near-optimal for CI construction, even if one allows for arbitrary Cls that are not
necessarily centered at estimators that satisfy the regularity conditions in Kitamura et al.
(2013). Also, because they have the same sensitivity, under this form of misspecification, the
usual GMM estimator i (fs-1) and the estimator in Kitamura et al. (2013) have the same

local asymptotic minimax properties.

4.4 Extensions: asymmetric constraints and constraints on ¢

If the set C is convex but asymmetric (such as when C includes bounds on a norm as
well as sign restrictions, or when C includes equality and sign restrictions, as in Moon and
Schorfheide (2009)), one can still apply bounds from Armstrong and Kolesar (2018) to the
limiting model described in Section 4.1. Our general asymptotic efficiency bounds in Ap-
pendix C translate these results to the locally misspecified GMM model so long as C is
convex. Since the negative implications for efficiency improvements under correct specifica-
tion use centrosymmetry of C, introducing asymmetric restrictions, such as sign restrictions,
is one possible way of getting efficiency improvements at some smaller set D C C while
maintaining coverage over C. We derive efficiency bounds and optimal Cls for this problem

in Appendix C. Interestingly, the scope for efficiency improvements can be different for one-
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and two-sided Cls, and can depend on the direction of the CI in this case. To get some
intuition for this, note that, in the instrumental variables model with a single instrument
and single endogenous regressor, sign restrictions on the covariance of an instrument with
the error term can be used to sign the direction of the bias of the instrumental variables
estimator, which is useful for forming a one-sided CI only in one direction.

Finally, while we focus on restrictions on ¢, one can also incorporate local restrictions on
0. Our general results in Appendix C give efficiency bounds that cover this case. Similar
to the discussion above, these results have implications for using prior information about
0 to determine the amount of misspecification, or to shrink the width of a CI directly. In
particular, while it is possible to use prior information on 6 (say, an upper bound on ||@]| for
some norm || - ||) to shrink the width of the CI, the width of the CI and the estimator around
which it is centered must depend on the a priori upper bounds on the magnitude of # and
¢ when this prior information takes the form of a convex, centrosymmetric set for (¢, ')’
This rules out, for example, choosing the moments based on whether the resulting estimate

for € is in a plausible range.

5 Applications

This section describes particular applications of our approach, along with a discussion of

implementation details appropriate to each application.

5.1 Instrumental variables

The single equation linear instrumental variables (IV) model is given by

where, in the correctly specified case, Ee;z; = E(y; — x,0p)z = 0, with 2; a d,-vector of
instruments. This is an instance of a GMM model with ¢(0) = E(y; — 2/0)z; and §(0) =
LS sy — alf).

One common reason for misspecification in this model is that the instruments do not
satisfy the exclusion restriction, because they appear directly in the structural equation (21),
so that &; = 2},7/v/n + n;, where E[zn;] = 0, and zj; corresponds to a subset I of the
instruments, the validity of which one is worried about. This form of misspecification has
previously been considered in a number of papers, including Hahn and Hausman (2005),
Conley et al. (2012), and Andrews et al. (2017), among others. Bounding the norm of v

using some norm ||-|| then leads to the set given in Eq. (12), with B = E[z;2},].
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Although the matrix B is unknown, for the purposes of estimating the optimal sensitivity
and constructing asymptotically valid Cls, it can be replaced by the sample analog B =
n~t 3" zi25;. This does not affect the asymptotic validity or coverage properties of the
resulting CI. Under this setup, the parameter M bounds that magnitude of v, the direct
effect of the instruments on the outcome. Therefore, the appropriate choice of M will depend
on the plausible magnitude of these direct effects—see, for example, Conley et al. (2012) for
examples and a discussion.

The linearity of the moment condition leads to simplifications in our implementation
in Section 3. In Step 1, as the initial estimator, one can use the two-stage least squares
(2SLS) estimator

Oiniial = [(Zl-ll ziwf) (i 22 (i) | (i i) (i, w2h) ™ i, 2

This leads to the estimates ' = —L 3"z} and S = L3y — 2 Ornitial)22i21. Alterna-
tively, if we assume homoskedasticity, we can use the estimator )y o= % Z?:l(yi - xééinitialy .
%Z?:l z;iz. In the correctly specified case, the 2SLS estimator is only optimal under ho-
moskedasticity, while the GMM estimator with weighting matrix IR optimal in general.
Due to concerns with finite sample performance, however, it is common to use the 2SLS
estimator along with standard errors based on a robust variance estimate, even when het-
eroskedasticity is suspected. Mirroring this practice, one can use Sy when forming the
optimal sensitivity ]%)‘7\/[ and worst-case bias in Step 2, but use the robust variance estimate
Y in Step 3 when forming the final CI in Eq. (11). The CI will then be optimal under
homoskedasticity, but it will remain valid under heteroskedasticity, just like the usual CI
based on 2SLS with robust standard errors in the correctly specified case.

If the parameter of interest linear in 6, h(f) = HO, then the one-step estimator iALAR[ in

Step 3 does not depend on the choice of the initial estimator (except possibly through the

estimate of ¥ when forming the desired sensitivity):

R R R 1 n R R 1 n R 1 n R
hA}‘M = Hbitial + k;\}*wﬁ Z(yz — T0mitial) 2i = k;?wﬁ Z Yizi + (H - kl)\?wﬁ Z 2@;) Oinitial

i=1 i=1 i=1

where the second line follows since the sensitivities k- satisfy H = K. T =k, 1 SNz
R M )‘IVI )‘]W n =1 %
Since the estimator hy: is linear, the worst-case bias calculations are the same under global

misspecification, when the magnitude M of v in Eq. (12) grows at the rate y/n. By using
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variance estimates that are valid under global misspecification in place of the variance es-
timate /%’Ajwﬁl%)\}«w in the CI construction, one can ensure that the resulting CI also remains

valid under global misspecification. See Appendix D.2 for details.

Remark 5.1. This framework can also be used to incorporate a priori restrictions on the
magnitude of coefficients on control variables in an instrumental variables regression. Sup-
pose that we have a set of controls w;, that appear in the structural equation (21), so that
y; = o0 + wiy/\/n + €, and ¢; is uncorrelated with w; as well as vector of instruments
Z;. If one is willing to restrict the magnitude of the coefficient vector v, so that ||v| < M,
then one can add w; to the original vector of instruments z;, z; = (2}, w})’. For example, if
one is concerned with functional form misspecification, one can define the control variables
to be higher order series terms. We then obtain the misspecified IV model with the set C
given by (12), with B = E[z;w}]. Thus, we can interpret this model as a locally misspecified

version of a model with w; used as an excluded instrument.

Remark 5.2. Instead of bounding the coefficient vector ~, one can alternatively bound the
magnitude of the direct effect z,7. If all instruments are potentially invalid, z;; = z;, and
one sets C = {v: E[(z/7)?] < M}, then under homoscedasticity, this corresponds to the case
discussed in Section 4.3.4, where the uncertainty from potential misspecification is exactly
proportional to the asymptotic sampling uncertainty in g(#). Consequently, in this case the

optimal sensitivity is the same as that given by the 2SLS estimator.

5.2 Omitted variables bias in linear regression

Specializing to the case where z; = x;, the misspecified IV model of Section 5.1 gives a
misspecified linear regression model as a special case. This can be used to assess sensitivity
of regression results to issues such as omitted variables bias. In particular, consider the linear
regression model

where x; and y; are observed and w} is a (possibly unobserved) omitted variable. Correlation
between w; and x; will lead to omitted variables bias in the OLS regression of y; on z;. If
w} is unobserved, then we obtain our framework by making the assumption /nFw;z; € C,
for some set C, and letting §(0) = £ 7" | x;(y; — «40). This setup can also cover choosing
between different sets of control variables. Suppose that w; = w.v, where w; is a vector of
observed control variables that the researcher is considering not including in the regression.
If 7 is unrestricted, then by the results in Section 4.3.2, the long regression of y; on both x;

and w; yields nearly optimal Cls. If one is willing to restrict the magnitude of ~, it is possible
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to tighten these Cls, with the setting reducing to that in Remark 5.1, with z; = (z;, w})’. The
same framework can be used to incorporate selection bias by defining w; to be the inverse

Mills ratio term in the formula for E[y; | x;,i observed] in Heckman (1979).

5.3 Functional form misspecification

Our setup allows for misspecification in moment conditions arising from functional form mis-
specification. To apply our setup, one must relate this misspecification to the bounds C on
the moment conditions at the true parameter value. One approach to bounding functional
form misspecification is to use smoothness conditions from the nonparametric statistics liter-
ature, such as bounds on derivatives (see, for example, Tsybakov, 2009, for an introduction
to this literature). Since these sets are typically convex (taking a convex combination of two
functions that satisfy a given bound on a given derivative gives a function that also satisfies
this bound), they typically lead to convex sets C, so that our framework can be applied.

As a simple example, consider a nonparametric IV model with discrete covariates:
Ely; —m(x;) | 2] = 0.

Suppose z takes values in the finite set X = {Z1,...,Zn,} and z; takes values in the finite
set Z ={Z1,...,2n.}. This setting was considered by Freyberger and Horowitz (2015), who
place only nonparametric smoothness or shape restrictions on the unknown function m. To
see the connection with our setting, we note that such restrictions can be interpreted as
bounds on specification error from a parametric model. If one models these restrictions as
local to a parametric family, one obtains our setting. In particular, let m(x;) = f(z;,60) +
n~Y2r(x;), r € R, where R is a nonparametric smoothness class. For example, if x; is
univariate, we can let f(x;,0) = 0 4+ fx; and define R to be the class of functions with
r(0) = 7/(0) = 7”(0) and second derivative bounded by some constant M. This is equivalent
to placing the bound n~'/2M on the second derivative of m(-), which corresponds to a Holder
smoothness class. We can then map this to a misspecified GMM model, with the jth element
of the moment function given by g¢;(z;,v:,0) = (vi — f(xi,60))I(z; = Z;) and jth element
of the misspecification vector ¢ given by Er(x;)I(z; = Z;) = > e 7(@)P(x; = T, 2 = %).
Stacking these equations, we see that ¢ = B~y where B is a matrix composed of the elements
P(x; =2,z =%;) and v = (r(Z1),...,r(Zn,)). As with the IV setting in Section 5.1, B is
unknown, but can be replaced by a consistent estimate based on the sample analogue. So
long as the set R is convex, we obtain convex restrictions on v and therefore ¢, so that our
framework applies.

This example brings up an important point about the interpretation of h(#). If the
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object of interest is a functional of m(z) = f(z,6y) + n~*/?r(z), then we will need to allow
the object of interest h(:) to depend on the misspecification vector directly, as well as on 6.
As discussed at the beginning of Section 2, this falls into a mild extension of our framework.
Alternatively, under a suitable parametrization of f and r, it is often possible to define the
object of interest to be function of # alone. For example, if we are interested in the derivative
m/(xg) at a particular point xy under a bound on the second derivative of m(-), we can let
f(x,0) = 01 + 6,z and define R to be the class of functions with r(xg) = 7'(xg) = r"(z9) =0
and second derivative bounded by M. Then m’(xy) = 6.

5.4 Treatment effect extrapolation

Often, the average effect of a counterfactual policy on a particular subset of a population is
of interest, and we would like to weaken the assumptions under which this effect is point-
identified. We have available estimates 7 = (71,...,7,,)" of the parameter 7, with §(0) =
7 — A6, and g() = 7 — A0 for a known matrix A. We would like to extrapolate from these
estimates to learn about the parameter of interest h(6y) = H6y. The potential extrapolation
bias is captured by the assumption that g(6y) € 5,“ some convex set.

Note that, because the moment condition is linear in the parameter of interest, asymptotic
validity of our CIs does not require that the set C~n takes the form 5n = C/+/n. Cls given
in Eq. (7) based on linear estimators of the form h = k7 (such as minimum distance
estimators), with C = \/ﬁgn are valid under both local and global misspecification (i.e.
under the assumption that the set C,, is fixed as n — 00).

One example that falls into this setup are differences-in-differences designs when the
parallel trends assumption is violated. Here there are m time periods, with treatment taking
place in period Ty. The (m — Tp)-vector 6 corresponds to a vector of dynamic treatment
effects on the treated, A0 = (0/,0")', and g(fy) is a vector of trend differences between the
treated and untreated, with g(fy) = 0 if the parallel trends assumption holds. Rambachan
and Roth (2019) build on the framework in this paper to develop Cls in this setting.

Another example that has been of recent interest involves nonseparable models with endo-
geneity. Under conditions in Imbens and Angrist (1994) and Heckman and Vytlacil (2005),
instrumental variables estimates 7,, with different instruments are consistent for average
treatment effects for different subpopulations. A recent literature (Kowalski, 2016; Brinch
et al., 2017; Mogstad et al., 2018) has focused on using assumptions on treatment effect
heterogeneity to extrapolate these estimates to other populations. Our framework applies if
these assumptions amount to placing the differences between the estimated treatment effects

and the effect of interest in a known convex set.
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6 Empirical application

This section illustrates the confidence intervals developed in Section 2 in an empirical ap-
plication to automobile demand based on the data and model in Berry et al. (1995, BLP
hereafter). We use the version of the model as implemented by Andrews et al. (2017), who
calculate the asymptotic bias of the GMM estimator with weighting matrix ¥~ under local

misspecification in this setting.®

6.1 Model description and implementation

In this model, the utility of consumer 7 from purchasing a vehicle j, relative to the outside
option, is given by a random-coefficient logit model U;; = Zszl zk(Br + oxvik) — ap;/y; +
&, + €, where p; is the price of the vehicle, z;;, the kth observed product characteristic, &;
is an unobserved product characteristic, and ¢;; is has an i.i.d. extreme value distribution.
The income of consumer 7 is assumed to be log-normally distributed, y; = e™*<Vio, where
the mean m and the variance ¢ of log-income are assumed to be known and set to equal
to estimates from the Current Population Survey. The unobservables v; = (vy, . .., vk ) are
i.i.d. standard normal, while the distribution of the unobserved product characteristic ¢; is
unrestricted.

The marginal cost me; for producing vehicle j is given by log(me;) = wjv + wj, where
w; are observable characteristics, and w; is an unobservable characteristic. The full vector
of model parameters is given by § = (¢/,«, f',v)'. Given this vector, and given a vector
of unobservable characteristics, one can compute the market shares implied by utility max-
imization, which can be inverted to yield the unobservable characteristic as a function of 6,
€;(0). One can similarly invert the unobserved cost component, writing it as a function of
6, w;(0), under the assumption that firms set prices to maximize profits in a Bertrand-Nash
equilibrium. Given a vector z4 of demand-side instruments, and a vector z; of supply-side

instruments, this yields the moment condition g(6) = E[¥(0)], where

§(0) = 1 Z <Zdj§j(9)> .

j=1 Zsjij)

The BLP data spans the period 1971 to 1990, and includes information on essentially
all n = 999 models sold during that period (for simplicity, we have suppressed the time

dimension in the description above). There are 5 observable characteristics z;: a constant,

8The dataset for this empirical application has been downloaded from the Andrews et al. (2017) replication
files, available at https://doi.org/10.7910/DVN/LLARSN.
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horsepower per 10 pounds of weight (HPWt), a dummy for whether air-conditioning is
standard (Air), mileage per 10 dollars (MP$) defined as MPG over average gas price in a
given year, and car size (Size), defined as length times width. The vector z4 consists of x;,
plus the sum of x; across models other than j produced by the same firm, and for rival firms.
There are 6 cost variables w;: a constant, log of HPWt, Air, log of MPG, log of Size, and a
time trend. The vector z,; consists of these variables, MP$, and the sums of w; for own-firm
products other than j, and for rival firms. After excluding collinear instruments, this gives a
total of d, = 31 instruments, 25 of which are excluded to identify dyp = 17 model parameters.
The parameter of interest is average markup, h(f) = + > i(pj —me;(0))/p;-

One may worry that some of these instruments are invalid, because elements of 24 or z;
may appear directly in the utility or cost function with the coefficient on the fth element
given by 04vae/\/n or dgyse/+/n, respectively. Here d40 and 04 are scaling constants so
that, given the sample size n = 999 at hand, 4 has the interpretation that the consumer
willingness to pay for one standard deviation change in the /th demand-side instrument zg;,
is v4¢% of the average 1980 car price, and changing the ¢th supply-side instrument zs;, by one
standard deviation changes the marginal cost by v,% of the average car price. Andrews et al.
(2017) use this scaling in their sensitivity analysis, and they discuss economic motivation for
concerns about this form of misspecification. By way of comparison, the estimates of the
parameters  and v in the utility and cost function imply that consumers are on average
willing to pay between 2.2 and 10.0% of the average car price for a standard deviation
change in one of the included car characteristics, and that a standard deviation change in
the included cost characteristics changes the marginal cost by between 3.8 and 11.1% of the
average car price. We therefore interpret specifications of the set C that allow for |ys| ~ 1-2
(or |v4¢| &~ 1-2) as allowing for moderate amounts of misspecification in the ¢th supply-side
(or demand-side) instrument.

We follow the implementation in Section 3. Given a set [ of potentially invalid instru-
ments, we follow Remark 3.1 and consider sets C of the form (12), with ||-|| corresponding
to an ¢, norm with p € {2,00}, and B = By - #I'YP where By is given by the columns of

5 Blzajzy,] diag(dae) 0
B = ( 0 Elzsjzg,;] diag(dae) )’

and #1 is the number of potentially invalid instruments. The scaling by (#1I)"/? ensures
that the vector v = M(1,...,1)" is always included in the set. Andrews et al. (2017) report
the sensitivity of the usual GMM estimator under this form of misspecification, considering

misspecification in each instrument individually (so that I contains a single element), and

setting M = 1. However, if one is concerned about the validity of several instruments, it is
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natural to allow I to contain all instruments the validity of which is questionable. In our
analysis, we vary the set of potentially misspecified instruments. We also vary M in order
to assess the sensitivity of conclusions to different amounts of misspecification. As we will
see below, different choices of C lead to different sensitivities for the optimal estimator, and
using the optimal sensitivity can reduce the width of the CI substantially relative to Cls
based on the usual GMM estimator.

We use the estimate éinitial that corresponds to the GMM estimator based on the weight
matrix that’s optimal under correct specification, as reported in Andrews et al. (2017), and

the estimates I, H , and S are computed following Step 1 of the implementation.

6.2 Results

To illustrate that using the sensitivity that is optimal under local misspecification can yield
substantially tighter ClIs, Figure 1 plots the confidence intervals based on the optimal sensi-
tivity, as well as those based on éinitial under different sets I of potentially invalid instruments
and /5 constraints on . It is clear from the figure that using the optimal sensitivity yields
substantially tighter confidence intervals, relative to simply adjusting the usual CI by using
the critical value cv,(+) to take into account the potential bias of h(éinimal), by as much as a
factor of 3.4. The intuitive reason for this is that by adjusting the sensitivity of the estimator,
it is possible to substantially reduce its bias at little cost in terms of an increase in variance.
Thus, for example, while the CI for the average markup based on the estimate éinitial is essen-
tially too wide to be informative when the set of potentially invalid instruments corresponds
to all excluded instruments, the CI based on the optimal sensitivity, [46.0,66.0]%, is still
quite tight.

If a researcher is ex ante unsure what form of misspecification one should worry about, as
a sensitivity check, it is useful to consider the effects of different forms of misspecification. In
Figure 2, we plot the optimal confidence intervals for different subsets of invalid instruments,
under both ¢y and ¢, norms for «. Although the choice of norm matters when the number
of potentially misspecified instruments is greater than one, the results are qualitatively sim-
ilar. Comparing the results for different choices of the set of potentially invalid instruments
suggests that allowing supply-side instruments to be invalid generally increases the average
markup estimate, while allowing demand-side instruments to be invalid has the opposite
effect.

As it may be ex ante unclear what magnitude of misspecification is reasonable to allow
for, as discussed in Section 3, it is useful to plot the optimal CI for multiple choices of M. We

do this in Figure 3 for p = 2, and we allow all excluded instruments to be potentially invalid.
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One can see that while the CI is unstable for values of M smaller than about 0.4, for larger
values of M, the estimate is quite stable and equal to about 50%. Even at M = 2, one rejects
the hypothesis that the optimal markup is equal to the initial estimate h(éinitial) = 32.7%.
This suggests that ignoring misspecification in the BLP model likely leads to a downward bias
in the estimate of the average markup. At the same time, it is possible to obtain reasonably
tight CIs for the average markup even under a moderate amount of misspecification.

The J-statistic for testing the hypothesis that all moments are correctly specified equals
426.7. Consequently, the hypothesis is rejected at the usual significance levels. Further-
more, it can be seen from Figure 2 that the ClIs for “all excluded” (that allow all excluded
instruments to be invalid at M = 1), and “all excluded demand” (that assume validity of
supply-side instruments) do not overlap. This implies that either the misspecification in the
demand-side instruments must be greater than 1% of the average care price (M = 1), or
else the supply-side instruments must also be invalid. Table 1 implements the specification
test from Appendix B that gives lower CI [My,, 00| for M. The results suggest that if one
assumes only a subset of the instruments is invalid, the misspecification in the potentially
invalid instruments must be quite large. For example, if we assume that all instruments are
valid except potentially the demand-side instruments based on rival firms’ product charac-
teristics, then the misspecification in these instruments must be greater than M = 5.36. If
we allow all instruments to be invalid, then M > 1.13.

Finally, to illustrate the implication of Theorem 4.1 that one cannot substantively improve
upon the Cls that we construct, we calculate the efficiency bound x, for these Cls in Table 2.
The table shows that the bound is at least as high as the efficiency bound for the usual
CI under correct specification (given in (19) and equal to 84.99% at o = 0.05). Thus, the
asymptotic scope for improvement over the Cls reported in Figure 2 at particular values of
0 and ¢ = 0 is even smaller than the scope for improvement over the usual CI at particular

values of 6 under correct specification.

A Details of calculations

This appendix contains the details of calculations for particular sets C discussed in Sec-
tion 4.3.4 and Remark 3.1.
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A.1 Cressie-Read divergences

Consider the problem (15) under constraints of the form {c: ¢X"'¢ < M?}. The Lagrangian

for this problem can be written as
2HO + M\ (62/4 — (c —TOYS e —T0)) + Xo(M? — S e).

(we multiply the objective function by 2 so that its optimized value equals w(d)). The
first-order conditions imply that at optimum, ¢ = A1A+1/\2 I'0, and 0 = %(F’ YD) H.
Plugging these expressions into the constraints yields M? = H(I"S ') "1 H' /A3 and §%/4 =
H(I"S™'T) " H'/A}. Since H(I'S™'D) " H' = ki g,XkLs, solving for A; and Xz, and plug-

ging into the expression for  yields

52+ M
\/KrsoXkLso

Thus, w(d) =2HO = (6+2M), /K]0 XkLso. With this form of w, the bound in (18) becomes

0= (eI TrH.

(1= )(ia+ M)+ 6(21-0)

ko (H,T,5,C) = 00T

This efficiency equals at least min{x%,,1— o}, where £l = (1 — @)z1-a + #(21-a))/Z1-a/2

denotes the efficiency given in (19) when C is a linear subspace. To show this, observe that
cvl (M) <1 for all M > 0. Therefore, the derivative of

(1= @) (21-a + M) + ¢(21-0) — min{l — o, KL} cva (M)

with respect to M, given by 1—a—min{l—a, k', } cv/, (M), is always non-negative. Since the
expression in the above display equals (mf o—min{sl  1—a})z1_n2 > 0at M =0, it follows

*,00

that it is always non-negative. Rearranging it then yields s, (H,T",%,C) > min{xl_,1 — a}.

Furthermore, it follows from Eq. (50) below that the efficiency of one-sided Cls at ¢ = 0 is

given by kKO8 = 1.

A.2 [/, Bounds

We now consider the form of the optimal sensitivity when the set C = C(M) takes the form
in Eq. (12), and ||-|| corresponds to an ¢, norm, as discussed in Remark 3.1. First, we explain

the connection with penalized estimation. Since ¢ = B7, one can write the approximately
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linear model (13) as
Y = —T'0 + By + V2%,

which one can think of as a regression model with correlated errors, design matrix (—T", B),
and coefficient vector (6,+')’. With this interpretation, it is clear that if the number of
regressors dg + d. is greater than the number of observations d,, the constraint on the norm
of v is necessary to make the model informative. Using the observation from Remark 3.1
that biasc(1)(k) = ||B'k||,, it follows that the optimization problem (10) under C = C(1) is
equivalent to

mkin KXk  st. H=-KT  and |Bk|y <B. (22)

We now specialize the results to the cases p = 2 and p = oo. We discuss the case p =1 1in a

working paper version of this paper (Armstrong and Kolesar, 2020).

A21 p=2

In this case, the Lagrangian form of (22) becomes
min k(S + ABB)k st H=—kT,

with the Lagrange multiplier A giving the relative weight on bias. Optimizing this objective
is isomorphic to deriving the minimum variance unbiased estimator of H6 in a regression
model with design matrix —I" and variance ¥+ ABB’, so the Gauss-Markov theorem implies
that the optimal sensitivities are k} = —H (I'W,I')~'T"W, where W, = [ + ABB']".

A22 p=

Write the Lagrangian form of (22) as
mkin K'Yk/2 4+ \|B'k|; st. H=-kT. (23)
It will be convenient to transform the problem so that the ¢; constraint only involves d,

T = ((B;{ 13') LTl = (BL B> , (24)

where B, is an orthonormal matrix that’s orthogonal to B. Then, since TB = (0,14, ), the

elements of k. Let

above minimization problem is equivalent to the problem

min £'Sk/2 + )\Z|I{i| st. H =-G'k,

el
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where k = T" 'k, S =TXT', G =TT, and I = {d;—d,,...,d,} indexes the last d., elements
of k.

To minimize the above display and give the solution path as A\ varies, we use arguments
similar to those in Theorem 2 of Rosset and Zhu (2007). For ¢ € I, write k; = k4 ; — k_,
where r4; = max{r;,0} and k_,; = —min{k;,0}. We minimize the objective function in the
preceding display over {ky;, k_;, k;: 1 € I,j € I} subject to the constraints x4 ; > 0 and
k_; > 0. Let u denote a vector of Lagrange multipliers on the restriction —H’ = G’'k. Then

the Lagrangian can be written as

K'SK/2+ A Z(Kdﬂ- +k_y)+u(H +Gk) — Z()\Jﬁimﬁi + A ko).

i€l iel

The first-order conditions are given by

elSk + eiGu =0 ieI°, (25)
Sk + eG4+ A=A, iel, (26)
—(e;Sk+ e,Gu) + A= X_; iel. (27)

The complementary slackness conditions are given by A\, ;x;; =0and A\_;x_; =0fori e I,
and the feasibility constraints are Ay; >0, A_; > 0 fori € [ and —H' = G'k.
Let A ={i:i €I,k =0}, and let A= {i:i & A} denote the set of active constraints.
Let s denote a vector of length |.A| with elements s; = sign(k;) if i € I and s; = 0 otherwise.
The slackness and feasibility conditions imply that if for ¢ € I, k; > 0, then A\;; = 0,
and if k; < 0 or A_; = 0. It therefore follows from (26) and (27) that €Sk + e;Gu =

—sign(k;)\ = —s;A. We can combine this condition with (25) and write
€Sk + e;Gu = —s;\, i€ A (28)

On the other hand, if i € AY, then since A, ; and A_; are non-negative, it follows from (26)
and (27) that
|€;Sk + e;Gu| < A= €Sk + G, ic A% jeA (29)

Let k4 denote the subset of x corresponding to the active moments, G4 denote the corre-
sponding rows of GG, and S 44 the corresponding submatrix of S. Then we can write the

condition (28) together with the feasibility constraint G'x = —H’ compactly as

(&) (2)- (),
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Using the block matrix inverse formula, this implies

= (GUSauGA) " (H — GLSiys))
KA = —S;}L‘GAM — 52}45)\
= SauGa(GUS3aGA) ™ (GUSaush — H') — Siysh

Consequently, if we're in a region in where the solution path is differentiable with respect to

A, we have
(9/@4

O\
The differentiability of path is violated if either (a) the constraint (29) is violated for some

= SIAGA(G ST 4GA) TGS Ths — Sas. (30)

i € AYif k()\) keeps moving in the same direction, and we add i to A at a point at which (29)
holds with equality; or else (b) the sensitivity x;(\) for some i € A reaches zero. In this

case, drop ¢ from A. In either case, we need to re-calculate the direction (30) using the new
definition of A.

Based on the arguments above and the fact that x(0) = —S™'G(G'S™'G)"'H’, we can
derive the following algorithm, similar to the LAR-LASSO algorithm, to generate the path

of optimal sensitivities x(\):

1. Initialize A\ =0, A={1,...,d,}, p = (G'ST'G)'H', k = =S~ 'Gpu. Let s be a vector
of length d, with elements s; = I{i € I}sign(x;), and calculate initial directions as

pa = —(G'STIG)IG ST s, kA = —STHGua + )
2. While (] A| > max{d, — d,,dyp}):
(a) Set step size to d = min{d,, dy}, where

dy = min{d > 0: k; + dka,; = 0,i € ANT}
dy = min{d > 0: |€/(Sk + Gu) + de}(Ska + Gua)| = X +d,i € A}

Take step of size d: k — Kk + dka, pp+— p+ dpa, and A — X +d.

(b) If d = dy, drop argmin(d,) from A, and if d = ds, then add argmin(ds) to A. Let
s be a vector of length d, with elements s; = —I{i € I}sign(e;Sk + e;Gp), and

calculate new directions as

pa = —(GuSauGa) " GuSyusa
(ka)a = =Su(Gapa + s4)

(I{A)AC = 0
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The solution path k(\) is then obtained as k(A) = T'k(\).

Finally, we show that in the limit M — oo, the optimal sensitivity corresponds to a
method of moments estimator based on the most informative set of dy moments, with the re-
maining d,—dp moments dropped. The optimal sensitivity as M — oo obtains by solving (23)
as A — oo. If B corresponds to columns of the identity matrix, then this is equivalent to min-
imizing ||kz[[y subject to H = —k'T". This can be written as a linear program min ky 4 +ky _;
st —H' =T1"(ky — k_), ks, k— > 0. The minimization problem is done on a dp-dimensional
hyperplane, and solution must occur at a boundary point of the feasible set, where only dy

variables are non-zero. So the optimal £ has dy non-zero elements.

B Specification test

One can test the null hypothesis of correct specification (i.e. the null hypothesis that ¢ = 0)
using the J statistic

J = nming(0)Sg(0) = ng(0)S"g(0),

where 6 = argmin, §(6)'S2§(6). Alternatively, letting 371/2 denote the symmetric square
root of 2_1, one can project - 29(5), where 6 is some consistent estimate, onto the com-

plement of the space spanned by 3~/2T,
S =ng(0) S 2RET?4(0),

where R = [ — S~ 120(IVS-10) "'V~ Y/2. If the model is correctly specified, so that ¢ = 0, S
and J are asymptotically equivalent (Newey and McFadden, 1994, p. 2231), and distributed
ng—dg’

Under local misspecification, the .J statistic has a noncentral y? distribution, with non-
centrality parameter depending on ¢ (Newey, 1985), and the asymptotic equivalence of J and
S still holds. In this section, we use this observation to form a test of the null hypothesis
Hy: ¢ € C. When C takes the form in Eq. (12) for some norm ||-||, inverting these tests gives
a lower CI for M. We begin with a lemma deriving the asymptotic distribution of S and J

under local misspecification.

Lemma B.1. Suppose that FEqgs. (1), (2) and (3) hold, and that 0 and 0 satisfy, for some K
and K, = —(I'S7'T)~' TS,
V(0 = 60) = K},v/ng(60), and V(0 — 6o) = K'v/ng(6).

Suppose that S and I are consistent estimates of ¥ and T", and that ¥ and I" are full rank.
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Then S = J + op(1) and S and J converge in distribution to a noncentral chi-square dis-

1/2

tribution with dy — dy degrees of freedom and noncentrality parameter dYTV2RY 2 where

R=1-Y120(I'S-I0)~irs =12,

Proof. By Eqs. (1), (2) and (3), v/ng(0) = (I + TK)SY2(27V2¢ + Z,) 4+ op(1) where
Zy = S7Y2[ng(0p) — ] 5 N(0,1,,), so that

S = (2_1/20—|—Zn)'El/Q(Z_l/z—|—E_1/2FK')'R(E_1/2+E_1/2FK')21/2(E_1/20+ Zn)+0P(1)
= (5% + Z,YR(S e+ Z,) + op(1) 5 (82 + ZYR(S Ve + 2)

where Z ~ N(0, I;,) and we use the fact that R(I + X~/?*TK'SY?) = R. Similarly,
Vng(d) = (I =TS DS Y (e + Y2 2Z,) + 0p(1) = SYV2R(EV2c + Z,) + 0p(1),

so that J = (X7V2c+ Z,)R(X"Y2¢c + Z,) + op(1) = S + 0p(1). To prove the second claim,
decompose R = P P], where P, € R%*(d~ds) corresponds to the eigenvectors associated

with non-zero eigenvalues of R. Then
(V24 ZYR(EV2e+ 2) = (P22 + P 2) (PIYY2c 4+ PlZ).

Since P{Z ~ N(0,14,—q,), it follows that the random variable in the preceding display has
a non-central x? distribution with d, — dy degrees of freedom and non-centrality parameter
dYV2RY 2, O

Lemma B.1 can be interpreted in using the limiting experiment described in Section 4.1.
In particular, the asymptotic distribution of the S and J statistics is given by the distribution
of the statistic Y’S~Y/2RY~Y2Y in the limiting experiment.

The quantiles of a non-central chi-square distribution are increasing in the noncentrality
parameter (Sun et al., 2010). Thus, to test the null hypothesis Hy: ¢ € C, the appropriate
critical value for tests based on the J or S statistic is based on a non-central chi-squared

distribution, with non-centrality parameter

A =supd S V2RY V2,

ceC

If C={Bv: ||7|l, < M}, then this becomes

A= sup UBYVEREVIBt = sup MP|RSV2Bt|2 = M?| A|)?

p,2°
lItllp<M lItlp<1
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where the second equality uses the fact that R is idempotent, A = RX"Y2B, and ||A|,, =

max||,|,<1||Az||4 is the (p, ¢) operator norm. For p = 2, the operator norm has a closed form,
which gives A = M maxeig(B'S"/2RY1/2B).

C Asymptotic coverage and efficiency

This appendix contains the asymptotic coverage and efficiency results discussed in Section 4.
In particular, we prove Theorem 4.1. In order to allow for stronger statements, we state
upper and lower bounds separately. Theorem 4.1 then follows by combining these results.
Theorem 4.1 focuses on two-sided CIs in the case where C is centrosymmetric, in addition
to being convex. In this appendix, we also prove analogous results for one-sided Cls, and
we generalize these results to the case where C is a convex but asymmetric set. When C is
convex but asymmetric, the negative results about the scope for improvement when c is close
to zero no longer hold. Therefore, we consider the general problem of optimizing quantiles
of excess length over a set D C C, which may be a strict subset of C.

The remainder of this appendix is organized as follows. Appendix C.1 presents notation
and definitions, as well as an overview of the results. Appendix C.2 contains results on least
favorable submodels as well as a two-point testing lemma used in later proofs. We then use
this to obtain efficiency bounds for one-sided Cls in Appendix C.3, and for two-sided Cls
in Appendix C.4. Appendix C.5 shows that our Cls achieve (or, for two-sided CIs, nearly
achieve) these bounds. Appendix C.6 shows how Theorem 4.1 follows from these results,
and also gives a one-sided version of this theorem. Primitive conditions for the misspecified
linear IV model, as well as a general construction of a least favorable submodel satistying

the assumptions used in this section, are given in the supplemental appendix.

C.1 Setup

While our focus is on parameter spaces that place restrictions on ¢, we will also allow for local
restrictions on 6 in some results. This allows us to bound the scope for “directing power” at
particular values of #. Formally, for some parameter 6%, we consider the local parameter space
that restricts (y/n(6 — 6*),¢) to some set F C R%Tds. The unrestricted case considered
throughout most of the main text corresponds to F = R% x C (in which case 6* does not
affect the definition of the parameter space). We also allow for additional restrictions on 6
by placing it in some set ©,. Finally, we use P to denote the set of distributions P over
which we require coverage.

With this notation, the set of values of ¢ that are consistent with the model under P (i.e.
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the identified set under P) is
O1(P) = 0,(P; F,0,) = {0 € 0, : Vil —0)., gp(8)) € F},
and the set of pairs (0, P) over which coverage is required is given by
S.={(0.P) €0, x P:0€01(P)} = {(0,P) € O x P: Val(0— 0°), gp(0)) € F}.

which reduces to the definition in Theorem 4.1 when F = R% x C. The coverage requirement
for a CI Z, is then given by (20) with this definition of S,,. To compare one-sided CIs [¢, 00),
we will consider the § quantile of excess length. Rather than restricting ourselves to the
minimax criterion, we consider worst-case excess length over a potentially smaller parameter

space G, which may place additional restrictions on # and c. Let

WGBn(G;P,G,0,) =sup  sup  gpg(h(f) —¢)
PEP 0€0(P;G,6,)

where ¢pg denotes the  quantile under P. We will also consider bounds on gpg(h(f) — ¢)
at a single P, which corresponds to the optimistic case of optimizing length at a single
distribution. For two-sided Cls, we will consider expected length.

Our efficiency bounds can be thought of as applying the bounds in Armstrong and Kolesar
(2018) to a local asymptotic setting, which corresponds to the limiting model (13) with
I' =Ty p,, ¥ = Xp«p, and H = Hy-. The between class modulus of continuity for this

model is

w(0; F,G, H,T,X) =sup H(s; —3sg) s.t. (sg,¢) €F,(s1,¢1) €3,
[(c1 —co) — T(s1 — 50) 7 H(er — ¢o) — (51 — 80)] < 6% (31)
We use the notation w(d) and w(d; F,G) when the context is clear. In the case where
G = F =R% x C and C is centrosymmetric, the solution satisfies s; = —sg and ¢; = —cj,
which gives the same optimization problem as (15), with the objective multiplied by two
(this matches the definition of w(+) used to define k, in the main text).

For one-sided Cls, we show that, for any CI satisfying the coverage condition (20) for a

rich enough class P, we will have
lim inf \/7igs,1(¢: P, G, ©,) > w(0g; F, G, H,T, %) (32)

where 03 = z1_+ 25, where z; denotes the 7 quantile of the A/(0, 1) distribution. For bounds
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on excess length at a single Py with Ep g(w;,0*) = 0, we obtain this bound with G = {0}:
lim inf \/ngp, s(h(0*) — ¢) > w(ds; F,{0}, H,T,%). (33)
n—oo

These results can be thought of as a local asymptotic version of Theorem 3.1 in Armstrong
and Kolesar (2018) applied to our setting.

For two-sided Cls, we show that, if a CIZ, = {h+x} satisfies the coverage condition (20)
for a rich enough class P, then, for any Py with Ep g(w;, 0*) = 0, expected length satisfies

lim inf lim inf Ep, min{y/n2x, T’}
T—oco n—oo
>(1—a)Ew(z1—a — Z;{0}, F, H,T',X) + w(z1-a — Z; F,{0}, H, T, )| Z < z1_4], (34)

where Z ~ N(0,1). The above bound uses truncated expected length to avoid technical
issues with convergence of moments when achieving the bound (note however that this bound
immediately implies the same bound on excess length without truncation). Our results
constrain the CI to take the form of an interval. We conjecture that the bound applies
to arbitrary confidence sets (with length defined as Lebesgue measure) under additional
regularity conditions.

Here, “rich enough” means that P contains a least favorable submodel. Appendix C.2
begins the derivation of our efficiency results by giving conditions on this submodel. In
Supplemental Appendix E.1, we construct a submodel satisfying these conditions under

mild conditions.

C.2 Least favorable submodel

Let Py be a distribution with Ep,g(w;,0*) = 0 (i.e. the model holds for this data-generating
process with @ = 6* and ¢ = 0), and consider a parametric submodel P, indexed by t € R%
(i.e. the dimension of t is the same as the dimension of the values of g(w;,0)) with P,
equal to Py at t = 0. We assume that {w;}! ; are i.i.d. under P;. Let m(w;) denote the
density of a single observation with respect to its distribution under Fy, so that Ep, f(w;) =
Ep, f(w;)m(w;) for any function f. We expect that the least favorable submodel for this
problem will be the one that makes estimating Fpg(W;, %) most difficult. This corresponds
to any subfamily with score function g(w;, 6*). We also place additional conditions on this

submodel, given in the following assumption.

Assumption C.1. The data are i.1.d. under P, for all t in a neighborhood of zero, and the

density m(w;) for a single observation is quadratic mean differentiable at t = 0 with score
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function g(w;, 0*), where Ep,g(w;, 8*) = 0. In addition, the function (t',0") — E,, g(w;,0) is
continuously differentiable at (0',0*'") with

d
% B g(w, 6 — (3,1 35
d(t/, 9/) D ( ) 1=0,0—0" ( ) ( )

where ¥ and T are full rank.

To understand Assumption C.1, note that Problem 12.17 in Lehmann and Romano (2005)
gives the Jacobian with respect to ¢t as ¥ in the case where g(w;, #*) is bounded, and the
Jacobian with respect to # is equal to I by definition. Assumption C.1 requires the slightly
stronger condition that E,, g(w;,#) is continuously differentiable with respect to (¢',6")" for
t close to 0 and 6 close to #*. This is needed to apply the Implicit Function Theorem
in the derivations that follow. In the supplemental materials, we give a construction of a
quadratic mean differentiable family satisfying this condition, without requiring boundedness
of g(w;,0*) (Lemma E.1 in Supplemental Appendix E.1).

The bounds in Armstrong and Kolesar (2018) are obtained by bounding the power of a
two-point test (simple null and simple alternative) where the null and alternative are given
by the points that achieve the modulus. To obtain analogous results in our setting, we use
a bound on the power of a two-point test in a least favorable submodel.

Consider sequences of local parameter values (6; ., cg,,)" and (¢

1.n>C1.) where, for some

So, ¢o s1 and cq,

O = 0" + (50 + 0(1)) /v, cam = ca+o(1) de{0,1} (36)

/

Consider a sequence of tests of (6 ,.,¢,,.) vs (01,,c,,) . Formally, for any (¢',c'), let
0,n ~0,n 1,n ~1n

Pn(0,¢c) ={P € P: Epg(w;,0) =c/v/n} (37)

be the set of probability distributions in P that are consistent with the parameter values

(0',c"). We derive a bound on the asymptotic minimax power of a level « test of
HD,n :Pe ,Pn(eom,CQ,n) VS Hl,n :Pe Pn(017n,017n), (38)

as well as a bound on the power of a test of Hy,, at Fy. Let ® be the standard normal cdf
and let

B(so, co, $1,¢1) = P <\/[01 —co—T(s1—80)]2"er —co — (81— s0)] — Z1—a> )
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Lemma C.1. Let P be a class of distributions that contains a family P, that satisfies Assump-

tion C.1. Then, for any sequence of tests ¢, satisfying limsup, suppcp, y Epon < a,

(ao,nch,n

we have

lim sup Ep, ¢, < B(s0,¢0,0,0) and limsup inf Ep¢n < B(s0, o, 51,¢1).
n n  PEPn(01,n,c1,n)

Lemma C.1 says that the asymptotic minimax power of any test of Hy ,, vs H; ,, is bounded
by B(so, co, 51,¢1). Furthermore, if we take s; = 0 and ¢; = 0, then this bound is achieved
at Py. Note that, in keeping with the analogy with the linear model (13), 5(so, co, 51, 1)
is the power of the optimal (Neyman-Pearson) test of the simple null (s, ¢;) vs the simple

alternative (s/,c}) in the model (13).

Proof of Lemma C.1. The proof involves two steps. First, we use the Implicit Function
Theorem to find sequences ty,, and t;, such that P, ,, satisfies Hy,, and P, , satisfies Hj ,,.
Next, we apply a standard result on testing in quadratic mean differentiable families to
obtain the limiting power of the optimal test of P, vs F;, ,, which gives an upper bound
on the limiting minimax power of any test of Hy,, vs Hy .

Let f(t,0,a) = Ep,g(w;,0) — a so that (¢',¢')" is consistent with P, iff. f(¢,6,¢/y/n) =0.
Under Assumption C.1, it follows from the Implicit Function Theorem that there exists a

function (6, a) such that, for 6 in a neighborhood of #* and a in a neighborhood of zero,

Ep (w;,0) —a= f(r(0,a),0,a) = 0.

0.9

Thus, letting to, = 7(0on, con/v/1) and ti, = 7(61,, c1,/v/1), P, satisfies Hy,, and P,

satisfies H ,. Furthermore,

d
— (6, a)] =-S"NI,—1q4,)
[d(ﬁ’, a') (6,a")=(6*,0)

so that
r(0,a) =X ta — XTI — 6%) +o(]|0 — 0% + ||al)).

Thus, letting ¢y = X !¢y — X7 'T'sg, we have

tO,n = T(Qo,n, CO,n/\/ﬁ) = E_lc[),n/\/_ - Z_IF(QO,TL - ‘9*) + O(He(),n - 9*” + ”cO,n |/\/ﬁ)

=N /vn — X so /v + o(1/v/n) = toee/v/n + o(1/y/n).

Similarly, 1, = t1 00/v/n + 0o(1/y/n) where t1 ., = X7 'e; — 71 Tsy.

Since the information matrix for this submodel evaluated at ¢ = 0 is X, it follows from
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the arguments in Example 12.3.12 in Lehmann and Romano (2005), extended to the case
where the null and alternative are both drifting sequences (rather than just the alternative),

that the limit of the power of the Neyman-Pearson test of P, vs P, is

(I) (\/[tl,oo - tO,oo]/E[tl,oo - tO,oo] - Zla> = B(S(b Co, S1, Cl)'

This gives the required bound on minimax power over H;,. To obtain the bound on power
at ), note that, for ¢, , = 6" and ¢; , = 0, to, = 0, the bound also corresponds to the power

of a test that is optimal for P, vs . ]

C.3 Omne-sided ClIs

We prove the following efficiency bound for one-sided Cls.

Theorem C.1. Let P be a class of distributions that contains a submodel P, satisfying
Assumption C.1. Let ©,(C) = {0]]|0 — 0*|| < C/\/n} for some constant C, and let F be
given. Let [¢,00) be a sequence of Cls such that, for all C, the coverage condition (20) holds
with ©,, = ©,,(C). Let G C F be a set such that the limiting modulus w is well-defined and
continuous for all 6. Then the asymptotic lower bounds (32) and (33) hold.

Proof. Consider a sequence of simple null and alternative values of 6 and ¢ that satisfy (36)
for some sg, co, 51, ¢1, with (v/n(fon —0*),cp,,) € F and (v/n(b1, — 0%)',¢},)" € G, for each
n. Note that

lim v/n[h(01,,) — h(0o,n)] = H(s1 — so)-

n—o0o
Consider the testing problem Hy,, : P € Pn(0on,con) Vs Hiy @ P € Pp(01n,c1,n) defined
in (37) and (38). Suppose that

(6 P,G,0,) < h(brn) — h(6on). (39)

Let ¢, denote the test that rejects when h(6y,,) ¢ [¢,00). Since, for any P € P,(01,, 1),
we have gpg(h(61,) — ¢) < qsn(éP,G,0,) by construction, it follows that, for all P €
Pn<01,n7 Cl,n)7

Eppn = P(h(01n) — ¢ < h(b1n) — h(0on)) = P(M(01n) — ¢ < qpp(h(01n) — ¢)) > B,

where the last step follows from properties of quantiles (Lemma 21.1 in van der Vaart, 1998).

The coverage requirement (20) implies that the test ¢, that rejects when h(6y,,) ¢ [¢, 00) has
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asymptotic level a for Hy,,. Thus, by Lemma C.1, we must have 8 < B(so, co, 51, ¢1) if (39)
holds infinitely often.

It follows that, if B(sq, co, s1,¢1) < B, we must have
lim inf /ngs . (¢; P, G,0,) > H(s; — so)
n—oo

since otherwise, Eq. (39) would hold infinitely often. Since the sequences and limiting
(sh,cp) € F and (s},¢)) € G were arbitrary, the above bound holds for any (sy,c;) € F
and (s}, c,) € G with B(sg, co, 51, ¢1) < B —n, where > 0 is arbitrary. The maximum of the
right-hand side over sg, ¢g, 51, ¢1 in this set is equal to w(dg—_,; F,G, H,I',3) by definition, so
taking n — 0 gives the result. O

C.4 Two-sided ClIs

We prove the following efficiency bound for two-sided Cls.

Theorem C.2. Suppose that, for all C, {h £ X} satisfies the local coverage condition (20)
with ©,, = 60,(C) = {0|0 — 0*|| < C/\/n}, where P contains a submodel P; satisfying
Assumption C.1. Suppose also that 0q,4q, € F and a minimizer (s§, )" of (¢ —T's)’S ™ (c—
I's) subject to Hs = v and (s',c') € F exists for all 9 € R. Then the asymptotic lower
bound (34) holds.

In the case where F = R% x C, which is the focus of the main text, a sufficient condition
for the existence of the minimizer (s, c};)" is that C is compact, H is not equal to the zero

vector and ' is full rank.

Proof. For each ¥ € R, let Oy, = 0% + s9/\/n, and let ¢y, = I(h(fg,) ¢ {h £ X}) be the
test that rejects when h(éﬁ7n) is not in the CI. When the constant C' defining 6,, = ©,,(C)
is large enough, the asymptotic coverage condition (20) implies that ¢y, is an asymptotic
level a test for Hy, : P € Pp(Bg.n, o) defined in (37) and (38). Thus, by Lemma C.1,

limsup Ep ¢y, < ®(0yg — 21-o) where &y = \/(019 —Tsy)/ L ey — T'sy). (40)

n—oo

We apply this bound to a grid of values of ¥. Let &,(m) denote the grid centered at zero
with length 2m and meshwidth 1/m:

En(m) = {j/m:j € Z,|j| <m®}.
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Let
En(m) = {V/n[h(Byn) — h(07)] - 9 € En(m)}.

Note that h(fy,) = h(6*) 4+ (1 + o(1))Hsy/\/n = h(6*) + (1 + 0(1))9/y/n. Thus, letting
ai, ..., a2 denote the ordered elements in £,(m) and @y, ..., @2, the ordered elements
in gn, we have a; — a; for each j as n — oo.

Let M (n,m) be the number of elements a; in &, such that h(6%) + aj/v/n = h(éajm) €
{h+ x}. Then

2m2+1 2m2+1
EPO Z EPO 6 {h * X}> Z [1 - EPO¢Gj7n]'
j=1

It follows from (40) that (assuming the constant C' that defines 6,,(C) is large enough),

2m?+1 2m?+1
lim inf Ep N (n,m) > Z 1= @0, — 21-a)] = Z D(21-q — da,).
n—oo
j=1 j=1

Note that 2X > n~V2[N (n, m) —1]-min;<jcome (@41 — ;) = n~ V2N (n,m) —1]-m=1- (1+¢,)
where €, = min; <j<o,2(@;41 —a;)/m =" —1 is a nonrandom sequence converging to zero. This,

combined with the above display, gives

lim inf Ep, min{2n'/%x, T} >
n—oo

2m?
-1
m- Zl a_ a] —m

for any T' > 2m. We have

2m2+1 2m2+1

m~! Z (21 — 0g;) =m " Z / (0a; < 21-a — 2)d®(2). (41)

Following the proof of Theorem 3.2 in Armstrong and Kolesar (2018), note that, for ¢ > 0,
t > 0, we have 0y < tiff. ¥ < w(t; {0}, F). Indeed, note that w(dy; {0}, F) > Hsy = ¥ by
feasibility of 0 and sy, cy for this modulus problem. Since the modulus is increasing, this
means that, if Jy < ¢, we must have ¥ < w(¢; {0}, F). Now suppose ¥ < w(t; {0}, F). Then
Hs.4;10,7) = ¥, so, for some A € [0,1], (s),c)) = )\(s;(t;{o}’}-),c;(t;{ow_-)) satisfies Hsy, = 0,
which means that 6y < /(cy — I'sy)’S1(cx — I'sy) < ¢ as claimed.

Thus, the part of the expression in (41) corresponding to terms in the sum with a; > 0
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is given by

2m2+1
m~! Z /](0 <a; <w(z1_q — 2;{0}, F)) dO(2)
j=1
> / min{w(z1_o — 2; {0}, F) — 1/m, m}d®(z).
25210

By the Dominated Convergence Theorem, this converges to fz<217a w(z1-a — 2; {0}, F)d®d(2)
as m — oo. Similarly, for ¥ < 0, ¢ > 0, we have dy < ¢t iff. =9 < w(t; F,{0}), so that an
analogous argument shows that, for arbitrary € > 0, there exists m such that fz <oia w(z1—a—
z; F,{0})d®(z) — € is an asymptotic lower bound for the part of the expression (41) that

corresponds to terms in the sum with a; < 0. Thus, for any € > 0, there exist constants C
and T such that, if the coverage condition (20) holds with ©,, = 0,,(C),

lim inf Fp, min{n/?2y, T} > / w(z1—q — 2; {0}, F) + w(z1—q — 2; F,{0})]dP(z) — 2e.
n—oo

2<21—qa

This gives the result. O

C.5 Achieving the bound

This section gives formal results showing that the Cls proposed in the main text are asymp-
totically valid, and that, if the sensitivities are chosen optimally, they achieve the efficiency
bound in Theorem C.1 in the one-sided case, and nearly achieve the bound in Theorem C.2
in the two-sided case (where “nearly” means up to the sharp efficiency bound k. in the
limiting model, given in (18), in the case where C is centrosymmetric).

We specialize to the case considered in the main text where we require coverage without
local restrictions on . In the notation of Appendices C.3 and C.4, this corresponds to
F =R% x C for a convex (but possibly asymmetric) set C.

In the main text, we focused on the case where C is centrosymmetric. To allow for general
convex C, we use estimators that are asymptotically affine, rather than linear. We focus on

one-step estimators, which take the form
h= h(éinitial> + 'I%/g(éinitial) +a/v/n.

for some vector k and some scalar a. We continue to require the condition

~ ~

H=—-kT, (42)
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where I is an estimator of T satisfying conditions to be given below.

To deal with asymmetric C, and to state results involving worst-case quantiles of excess
length over different sets, it will be helpful to separately define worst-case upper and lower
bias. For a set C € R%, let

biasc(k,a) = sup k'c +a, bias,(k,a) = ing Kc+a
ceC ce

A one-sided asymptotic 1 — « CI is given by [¢, 00) where

h — biasc(k, d) /v/n — z1—aV E'Sk/ /0
= h(Oimitiat) + K'g(Oinitiat) + a/v/n — biase(k, @) /v/n — z1-a V E'Sk/v/n
h(éinitieﬂ) + ff’g(éinitial) - %C(iﬂ, O)/\/ﬁ —Z1-aV /Af'iif/\/ﬁ?

and Y is an estimate of . Thus, the intercept term a does not matter for the one-sided CI
and can be taken to be zero in this case. For two-sided CIs, however, the choice of a matters,

and we assume that & is chosen so that the estimator is centered:

biasc(k,a) = supk'c + a = — <in£ ke + &) — —bias,(k, a). (43)
ce

ceC

A two-sided asymptotic 1 —  CI is then given by h + { where
X = CVq <%g(l§:, a)/ Vv l%’f]l%) VE'SE/V/n, where cvy(t) is the 1 — o quantile of [N (¢, 1)].

For both forms of Cls, we first state a result for general l;‘, a, and then specialize to
optimal weights. For the one-sided case, we consider Cls that optimize worst-case length
over (y/n(6 — 6*),¢) in some set G, subject to coverage over F = R% x C. In principle,
this allows for confidence sets that “direct power” not only at particular values of ¢ but also
at particular values of #. However, Lemma E.2 in Supplemental Appendix E.3.1 shows that
the optimal weights for this problem are the same as the optimal weights when G is replaced
by R% x D(G), where D(G) = {c: there exists s s.t. (s/,¢')’ € G}. Thus, it is without loss of
generality to consider weights that optimize worst-case excess length over ¢ € D subject to
coverage over ¢ € C where D C C is a compact convex set.

The optimal weights take the form k = k(0g, H.T,%) where

((els = o) — D15 — 53,6))/2_1
((Cié - 03,5) - F(SLS - 56,5))/2_1FH//HH'

k(5, H,T, %) =
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and ¢g 5, Sos, C1,5, S1,6 solve the between class modulus problem (31) with F = R% x C and
G = R% x D. For a two-sided CI of the form given above, the optimal weights take this
form with D = C, § minimizing y, and with a chosen to center the CI so that (43) holds.
We note that, in the case where D = C and C is centrosymmetric, sj ; = s 5 and ¢j 5 = ¢j 5,
and (31) reduces to two times the optimization problem (15). The weights & then take the
form given in (14) in the main text, and, since C is centrosymmetric, @ = 0, which gives the
two-sided CI proposed in the main text.

For our general result showing coverage for possibly suboptimal weights l;;, a, we make the
following assumptions. In the following, for a set A,,, random variables A, g p and B,, o p and
a sequence a,, we say A, o p = B, 9.p + op(a,) uniformly over (0, P) in A, if, for all € > 0,
SUP (g pyea, Py [[Angp — Buopll > ) = 0. We say Anpp = Bngp + Op(a,) uniformly
over (6, P) in aset A, if lim¢_,o limsup,,_, ., supp pye 4, P(a, " | Ano.p—Bnopl > C) =0. In
the following, the set S, defined in Appendix C.1 over which coverage is required is defined
with F = R% x C.

Assumption C.2. The set C is compact or takes the form C x R where dg, + dg, = dg
and C is a compact subset of R . In addition, Oimitial — 0 = Op(1/4/n), g(émtml) —g(0) =

Lo.p(Oinitiar— 0) +0p(1/+/n) and h(Omitia) — h(0) = Ho(Oinitias — 0) +0p(1/+/n) uniformly over
(0,P) €S,.

Assumption C.3. §(0) — gp(0) = O(1/\/n) uniformly over (8, P) € S,,. Furthermore, for

a collection of matrices X9 p such that ké7P297Pk97P 18 bounded away from zero and infinity,

nky »(g(0) — gp(0
sup sup [P Vinky,p(9(0) — 9p(6)) <t]-@(t) =0
teR (0,P)eS, \/m

Assumption C.4. k— ko p = op(1) uniformly over (0, P) € S,, and similarly for a, I, H
and 3. Furthermore, kg p, ag.p, o p, Hy and Xy p are bounded uniformly over (8, P) € S,.
In the case where C = C x R assume that the last dg, elements ofl% are zero with probability

one for all P € P.

Theorem C.3. Suppose that Assumptions C.2, C.3 and C.J hold and let ¢ be defined above
with k, T and H satisfying (42). Then

liminf inf P(h . >1-—
iminf inf (h(0) € [¢,00)) > 1 —a,
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and

lim sup sup sup {\/ﬁq@p(h(ﬁ) —0)

n—oo  P€EP gcO;(P;R% xD,0,,)

— [ﬁc(k’a,P, 0) — biasp(ke,p,0) + (21-a + 25) 1/ Ky pX0,Pko,p } <0.

Proof. If C = C x R: with C compact, the theorem can equivalently be stated as holding
with k redefined to be the vector in R%: that contains the first dg, elements of the original
sensitivity IAC, and with other objects redefined similarly. Therefore, it suffices to consider the
case where C is compact.

Note that

\/ﬁ(il —h(0)) = HH\/ﬁ(éinitial —0)+ ff\/_ (0) + k\/_( (6 1n1t1al> G(0)) +a+op(1)
= Hov/n(Ornivial — 0) + kv/n(§(0) — gp(9)) + k' + kv/nTo p(Ornitial — 0) + @ + 0p(1)
= (Ho + ké,pFe,P)\/ﬁ(émimal —0) + /f(,?,pC +agp + ké,p\/ﬁ@w) —gp(0)) + op(1),

where ¢ = y/ngp(#) and the op(1) terms are uniform over (6, P) € S, (the last equality uses
the fact that C is compact). By Assumption C.4 and (42), Hy + kpy pI'g p = 0 so this implies

~

Vil = h(0)) = Ky pe+ a0 + Ky p/0(3(0) — 90(68)) + 0p(1) (45)
uniformly over (6, P) € S,,. By compactness of C and Assumption C.4, we also have
biasc(k, ) = biasc(kg,p, ag,p) + op(1), k'Sk = kj pXg pko.p + 0p(1)
uniformly over (0, P) € S,,. Thus,

V(e —h(0)) = vn(h — h(0)) — biase(k, d) — z1-o VE'Sk = kj pet
ag,p + ky p/n(g(0) — gp(0)) — biase(kg,p, ap.p) — 21-a/ ky pXo,pke.p +op(1) (46)

uniformly over (0, P) € S,,. Since ky pc + agp — %c(kfg,p, ag.p) < 0 by definition, the first
part of the theorem (coverage) now follows from Assumption C.3. For the last part of the
theorem, note that, using the above display and the fact that kj pc+agp > biasy (ke p, as.p)
for any (0, P) with ¢ = \/nEpg(w;,0) € D, it follows that \/n(h(8) — ¢) is less than or equal
to

biase (ko,p, ag,p) — biasy (kg,p, ag,p) + 21-ay/ ko p2o.pke.p + ko pv/n(G(0) — gp(0)) + 0p(1)
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uniformly over (0, P) with \/nEpg(w;,0) € D. This, along with Assumption C.3, gives the
last part of the theorem. n

Theorem C.4. Suppose that Assumptions C.2, C.53 and C.J hold and let h and X be defined
above with k, a, T and H satisfying (42) and (43). Then

liminf inf P <h(0) e {h+ g}) >1-a.

n—oo (0,P)eS,

In addition, we have

biasc (k e
\/ﬁf( — CVq laSC( 6. a97p) kéJDZg’pk’g’p ﬁ) 0
\/ K. p20.pke.p

uniformly over (6, P) € S,,.

Proof. As with Theorem C.3, it suffices to consider the case where C is compact. Let

(0., P,) be a sequence in S,, and let ¢, = v/ngp,(0,). Let b, = kg, p.cn + ag, P, sdyn
\/kén7pn2‘9n,Pnk0n7Pn and En = biaSC(/{ngpn, CL.gn,Pn). Note that, by (43), biaSc(kgmpn, agn,pn) =

— bias. (K, p,, @s, p,) when Assumption C.4 holds. It therefore follows that —b, < b, < b,,.
Let Z, = v/nkpy, p (G(0n) — gp,(0n))/sd,. Note that Z, converges in distribution (under
P,) to a N(0,1) random variable by Assumption C.3. By (45),

vn(h —h(6,)) = b, +sd,Z, + op, (1).

Using the fact that sd,, is bounded away from zero and V 'Sk /sd,, converges in probability

to one under P,, it also follows that
Vi(h = h(0,)/V Sk = b, /sd, + Z, + op, (1).

Also, by Assumption C.4, we have, for a large enough constant K,

biasc (k, @) ( by )
CVo | ——— ] —cvy | —
'Sk sdy,

This, along with the fact that V k’ i]/%/ sd,, converges in probability to one under P,, gives

< i { [Plasc(k, @) — Bu] + [\/@—sdn]} 2,
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the second part of the theorem. Furthermore, it follows from the above display that

n(h—nh 0,
P, (h(@n)>ﬁ+>2> — P, f< i ( )) < —cvq (%c (k,a)/V Sk )
K'Yk
=P, (bn/sdn + Z, < —Cvg, (En/sdn) + Opn(l)) = ®(—b,/sd,, — v, (Bn/sdn)) + o(1).

Similarly,

~

Vi

|
=
>

")> > Ve (%c(fg,a) /\/E)

P, (h(@n) <h- x) - P,

??w
>

3
+

=P, (bn/sdn + Z, > cvg (l_)n/sd ) ) 1 — ®(—b,/sd, + cv, (En/sdn)) + o(1).

Thus, the probability of the CI not covering is given, up to o(1), by
1— ®(=b,/sd, + vy (by/sdy)) + @(—by/sd, — cvg (bn/sdy)).

This is the probability that the absolute value of a N(b,/sd,, 1) variable is greater than
CVe (En/sdn), which is less than 1 — a since |b,| < by,. O

We now specialize to the case where the optimal weights are used. We make a uniform
consistency assumption on f, H and i, as well as assumptions on the rank of H, I' and X.

The latter are standard regularity conditions for the correctly specified (C = {0}) case.

Assumption C.5. The estimators f‘, H and S are full rank with probability one and satisfy
' —Typ=op(l), H—Hy=o0p(1) and ¥ — Xy p = op(1) uniformly over (8, P) € S,,.

Assumption C.6. There ezists a compact set B that contains the set {(Hp,T'gp,X0p) : 0 €
O©n, P € P} for all n, such that (i) in the case where C is compact, H # 0 and T' and 3 are
full rank for any (H,T,%) € B or (ii) in the case where C = C x R with C compact, the

same holds for the sub-matrices corresponding to the first d,, moments.

Using these assumptions, we can verify that Assumption C.4 holds with weights kg p
that achieve the efficiency bound in Theorem C.1 and nearly achieve the efficiency bound in

Theorem C.2. This gives the following results.
Theorem C.5. Suppose that Assumptions C.2, C.3, C.5 and C.6 hold and let ¢ be defined
above with k = k(0g, H,T, ﬁ]) Then

liminf inf P(h(A) € [¢,0)) >1—«

n—oo (0,P)ES,
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and

lim sup sup sup [\/ﬁ(]&p(h(e) —¢) —w(dg;R% x C,R% x D, Hy, Ty p, E@}p)} <0.
n—oo  PEP 9gco;(P;R% xD,0,,)

Proof. In the case where C is compact, it follows from Lemma E.6 in Supplemental Ap-

pendix E.3.2, k(d, H,T',X) is continuous on {d} x B. Since B is compact, this means that

k(6, H,T', %) is uniformly continuous. Thus, Assumption C.5 implies that k satisfies Assump-

tion C.4 with kg p = k(6, Hp,T'g p, X p). Furthermore, k satisfies (42) by assumption. By

properties of the modulus (Equation (24) in Armstrong and Kolesar, 2018),

biase (kg p, 0) — biasp (ke.p, 0) + (21— + zp) 1/ Ky p2o.pko.p

= w(dg;R% x C,R% x D, Hy, Tg.p, Yp.p)

for this kg p. Applying Theorem C.3 gives the result.

In the case where C = C x R%: with C compact, the last d,, elements of k are equal to
zero as required by Assumption C.4, and the first d,, elements are the same as the weights
computed from the modulus problem with the last dgy, components thrown away and H,
I' and ¥ redefined to be the sub-matrices corresponding to the first d,, elements of the
moments. Thus, the same arguments apply in this case. O

~

For two-sided Cls, we consider weights k = k(6*(H,T,3), H,
G = F = R% x C, where 6* may depend on the data through H, I’
optimize CI length, it will be given by 6X(]:[ T, f]) where

I',%) given by (44) with
and 3. If §* is chosen to

6 (H,T,X) = arg;nin CVa <2C:)E?§) — g) W'(6) (47)

where w(§) = w(§;R% x C,R% x C, H,T,Y) is the single class modulus (see Section 3.4 in
Armstrong and Kolesar, 2018).

We make a continuity assumption on §*.

Assumption C.7. §* is a continuous function of its arguments on the set B given in As-

sumption C.6.

Theorem C.6. Suppose that Assumptions C.2, C.3, C.5, C.6 and C.7 hold and let h be
defined above with k = k(é*(ﬁ,f‘, f]), H,T, f]) Then the conclusion of Theorem C.J holds.
If, in addition, 0* = 5X(ﬁ,f, f]) for &, the CI length optimizing choice of § given in (47),
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then the half-length X satisfies \/nx = x(0, P) 4+ op(1) uniformly over (0, P) € S,,, where

) )

x(0, P) = main CVq <% - 5) W'(8), w(d) =w(;R% x C,R% x C, Hy,Tg.p,Y0p).
Proof. The result follows from using the same arguments as in the proof of Theorem C.5,
along with continuity of 6*, to verify Assumption C.4. The form of the limiting half-length
for the optimal weights follows from properties of the modulus (see Section 3.4 in Armstrong

and Kolesar, 2018). O

C.6 Centrosymmetric case

Theorem 4.1 in Section 4 gives a bound for two-sided Cls in the case where C is cen-
trosymmetric. This follows from applying Theorems C.2 and C.6 in the centrosymmetric
case. In particular, comparing the asymptotic length in Theorem C.6 to the bound in
Theorem C.2 and using the fact that w(§;R% x C,{0}, Hp,Tg.p, X9 p) = w(0;{0},R% x
C,Hp,Iyp,Ygp) = %w(25;Rd9 x C,R% x C, Hy,T'g p, Y9 p) when C is centrosymmetric gives
the bound k.(Hp, o p,, Xo.p,,C) from the statement of Theorem 4.1. This corresponds to
the bound in Corollary 3.3 of Armstrong and Kolesar (2018). The universal lower bound for

ky follows from the following result:

Theorem C.7. For any H,T', ¥ and C, the efficiency k. given in (18) is lower bounded by

(21-a(1 — @) = Z,@(Z0) + ¢(21-a) — #(24))/21-ay2

where Zo, = 21_q — Z1—a/2 and ® and ¢ denote the standard normal cdf, and pdf respectively.
The lower bound is sharp in the sense that it holds with equality if w(0) = Komin{d, 221_q 2},

for some constant K.

Proof. Since c¢v4(b) < b+ 21_a/2, the denominator in (18) is upper-bounded by

mnzen (557 ~3) <0 <

W(Qzl_a/g) '
2¢v, | ————— — 21, W (221_am) <w(2z1_4/2). (48
¢ (2w’(221a/2) “1-af2 ( “ /2) ( “ /2) ( )

On the other hand, the numerator in (18) can be decomposed as

(1-a)Ew2(zi—a — 2)) | Z < 21-0] = E [w(2(21-0 — 2)) {Z < 21-0 — 21-0a/2}]
+F [w(2(21_a —Z)H{z1ma — 21202 < Z < Zl—a}] )
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Since the modulus w(d) is non-decreasing, the first summand is lower-bounded by

E [W(ZZI—Q/Q) H{Z <20 — Zl—a/Q}:| = w(221-0/2)P(21-a — 21-q/2)-

Since the modulus w(6) is concave, w(2(21—q — Z)) > (21—a — Z)/21-a/2 - W(221_a/2), so that

the second summand is lower-bounded by

221_a
w( 21 /2)E [(Zka _ Z) ]I{Zka — Zi—qa/2 <zZ< Zlfa}}
Rl—a/2
w(2z1_q
e —<Z ! //2) (Zl—a(l — 0 — ®(21—O¢ - Zl,a/Q)) + ¢(Zl_a) - ¢(Z]'_O‘ - Zlia/2)) ’
1—a/2

where the equality follows by the formula for the expectation of a truncated normal random

variable. Combining the two preceding displays then yields

(1 -)Ew2(z1-a = 2)) | Z < z1-0]

Z1ea(l = @) = Z2a®(Z0) + d(21-0) — A(Za)
f1—a/2

Z w(?zl_a/g) s (49)

where Z, = 21_q — z1—qa/2. Combining this with the bound in (48) then yields the result. The
sharpness of the bound for the case w(d) = Komin{d,22;_,/2} follows from by noting that
in this case, both (48) and (49) hold as equalities. O

For the one-sided case, we obtain the following bound.

Theorem C.8. Consider the setting of Theorem C.5, with C centrosymmetric. Then the
weights k = /2:(65,[:[,f’, f]) with D = C are identical to the weights /%(55, H,T, ﬁ]) computed
with D = {0}, but with B = ®((23 — 21-a)/2). Furthermore, letting ¢minimax denote the lower
endpoint of the CI computed with these weights (l%(éﬁ, H,T,%) with D = C), we have

' . 1
lim sup sup sup {\/EQB,P(h(e) — Crninimax) — ) [WG,P((S/B) + 55“5,}?(‘%)] } <0
n—o0o  PEP gcO;(P;R% x{0},0,)

where wy p(8) = w(§;R% x C,R% x C, Hy,Tp p, X9 p). For ¢ computed instead with D = {0},

we obtain

1
lim sup sup sup {\/ﬁq@p(hw) — ) — 5@07]3(25’3)} <0.

n—oo  PeP gcor(P;R% x{0},0,)

Proof. The first statement follows from Corollary 3.2 in Armstrong and Kolesar (2018).
The second statement follows from applying Theorem C.3 as in the proof of Theorem C.5,
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noting that M{O}<kf@’p70) = 0, and using arguments from the proof of Corollary 3.2 in
Armstrong and Kolesar (2018). The last statement follows from Theorem C.5 and the fact
that w((S;]Rd" X C,Rd9 X {O}, Hg, F97P, Egyp) = %w(%;Rd‘) X C,Rd'g X C, Hg, F97P, Egyp). ]

Thus, directing power toward the correctly specified case yields the same one-sided CI
once one changes the quantile over which one optimizes excess length. If one does attempt

to direct power, the scope for doing so is bounded by a factor of

(,Ug’p(255)

Ky ( 0>+ 0,Pys ~0,Pys ) w97p(5ﬁ)+55wé713<55)

(50)

This gives a bound for the one-sided case analogous to the bound &, in (18) for two-sided
Cls.

A consistent estimate of these bounds can be obtained by plugging in w(§; R% x C, R% x
C,H,T,%) for wp.p(0) = w(d;R% x C,R% x C, Hy,Tp p, X9 p). Table 2 reports estimates of

this bound under different forms of misspecification in the empirical application in Section 6.

D Global Misspecification

We now describe two approaches to the construction of Cls that are robust to global mis-
specification. The first approach is generally applicable, and, for a one-sides ClIs, yields Cls
that are asymptotically equivalent under local misspecification to the CIs proposed in the
main text. The second approach also exhibits this equivalence property for two-sided Cls,
but the regularity conditions it imposes may not be satisfied in all applications.

Before describing the procedures in Appendices D.1 and D.2 below, let us briefly describe

the setup. Under global misspecification, the true parameter 6, satisfies

gP(HO) = EPg(wi7 00) = 67 cE€ Ca (51)

where C is fixed with the sample size n. To accommodate both local and global misspecifica-
tion with the same notation, we consider a sequence C= @L of sets. Under global misspecifi-
cation C, is fixed with n, whereas, under local misspecification, C, = C/\/n = {c/\/n:ceC}
where C is fixed with n. The rest of the setup is the same as the formal setup in Section 4.2
and appendix C: we are interested in a CI for h(6) that satisfies the coverage condition (20),
where S, = {(0, P) € ©, x P : gp(#) € C} denotes the set of pairs (6, P) such that 6 is in
the identified set under P.

For concreteness, we focus on GMM estimators. We treat the weighting matrix W as

given, and construct Cls that are asymptotically equivalent to the Cls given in Section 2.1
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with sensitivity &' = —H(I"WT)"'I"W. To make these CIs optimal under local misspecifi-
cation, we need to choose the weighting matrix W so that this sensitivity is optimal under
local misspecification. This can be done by computing the optimal sensitivity k under local
misspecification using first stage estimates, following our implementation in Section 3, and

then computing an equivalent GMM weighting matrix as described in Remark 3.2.

D.1 CIs based on recentering the moments

Let Z; be a family of CIs, indexed by ¢ € C. , such that, for each ¢, Z; is asymptotically valid
for the GMM model defined by the moment function 6 — g(w;, ) — ¢. We consider the CI
T = U, gZz. Since this CI contains a CI based on the moment conditions 6 — §(6) —co, where
¢o = Epg(w;, 0p) is the true value of ¢, it will have correct asymptotic coverage under standard
conditions. (While we omit a formal statement, we note that this follows by showing that Z,.,
has correct coverage under a drifting sequence of moment functions g, (w;, ) = g(w;, 0) — é,
for sequences ¢, € C. This follows from the usual arguments for asymptotic coverage of GMM
estimators under correct specification.) As we discuss in Appendix D.1.1 below, this CI can
be computed using constrained optimization, where the objective function will typically be
smooth so long as 6 — g(w;, 6) is smooth. However, since the problem involves minimization
of a GMM objective function, it will typically not be convex.

We now show that this approach can be used to construct a one-sided CI that is asymp-
totically equivalent under local misspecification to the CI proposed in the main text. We
consider CIs based on the GMM estimator fy,z = argming[§(6) — &'W[j(6) — ¢| based
on the moment function g(ws,#) — & Let [y denote an estimate of the Jacobian matrix
Lop= %E pg(w;, t)|i=¢. Under local misspecification, the identified set for § shrinks toward a
point, so that the same estimate 3 is consistent for Y9, p uniformly over the identified set. This
is no longer the case under global misspecification, and we instead need to use a class of esti-
mates 3 for Y p indexed by 6. In the i.i.d. case, we can take Y = %Z?Zl g(w;, 0)g(w;, 0),
.- We allow for the
possibility that W is data dependent, in which case we will assume that it converges to some
Wp, which may depend on the underlying distribution P. Let I%g) = —Hy (f"Qng) - f‘gW
denote an estimate of the sensitivity kj p = —Hp (T’@’PVVPFQP)_1 I, pW. This gives the

in which case the estimate of 3 in Section 3 corresponds to 3= f]é_

initia.

standard error sS4, where seg = \/l%{gi@l%g /n. The nominal 1 — « one-sided CI based on
the given ¢ is then [h(fw.z) — 21_a Sews 00). The lower endpoint of a one-sided CI that is

asymptotically valid for the set C is then given by [Eglon, 00) Where

Celob = inf [h(ewﬁ) T A1-aS€G, .
eeC ’
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The CI proposed in the main text takes the form [¢j., 00) where

éloc = h(éinitial) + ]%/g<éinitial) — sup I%IC/\/E — 21—V l;;i]]%/\/ﬁ
ceC
We assume that the sensitivity k corresponds to the same GMM weighting matrix, so that
Assumptions C.2, C.3 and C.4 hold with kg p, 'y p, Hp and ¥y p given above. In addition,

we use some further regularity conditions for the estimator éw,g.
Assumption D.1. The estimator émg satisfies

Sup |h(Buey ) = h(0) = ki p[9(6) = c/v/7]| = op(1/v/)

ceC

and

~

k

sup ~ K pSo,rko.p| = or(1)

ceC

uniformly over (0, P) € S,, where C = C, = C/\/n.

A 3 ks
Ow,ervm Owesva Owesym

Assumption D.1 imposes an influence function representation for the GMM estimator
émc, and a uniform consistency condition for the asymptotic variance estimator. We verify
this assumption under primitive conditions in the linear IV setting in Supplemental Ap-
pendix E.2.3. Note that, while the CI is robust to global misspecification, Assumption D.1

imposes conditions that are required only under local misspecification.

Theorem D.1. Let ¢ and cgop be given above with C = C/+v/n, where C is a compact set.
Suppose that Assumptions C.2, C.3 and C.4 hold for o, and Assumption D.1 holds for ¢y,
with the same kg p and Xy p, and assume that, for each P € P, there exists 0 € ©,, such that
(0,P) € S, (i.e. the identified set for 6 under each P € P is nonempty). Then \/n(Coc— Cgiob)

converges in probability to zero uniformly over P € P.

Proof. Under these assumptions,

églob = (lzrelg h(9) —+ kgypfy(G) — kéyPC/\/ﬁ — Z1—a kéyPZQ’ka’p/\/ﬁ -+ Op(l/\/ﬁ)
= h(0) + ki pg(0) — biasc(ke.p,0)/v/1 — 21— /Ky pSo,pko.r/v/n + op(1/v/n)
uniformly over (0, P) € S,,. The result follows by noting that this matches the asymptotic
expression for ¢, given in Eq. (46) in the proof of Theorem C.3. O]

The CI [ég0pn, 00) is valid under global misspecification under standard conditions, and
Theorem D.1 shows that this CI is asymptotically equivalent to the CI [¢0c, 00) under local

misspecification.
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D.1.1 Computation

The problem of computing this CI can be written as a nested optimization problem, in
which one minimizes the GMM objective function for a given ¢, and then minimizes the
lower endpoint of the CI over ¢. Alternatively, in the spirit of recent papers on MPEC (e.g.
Dubé et al., 2012), one can write this as an optimization problem over 6, ¢ subject to the

constraint that # minimizes the GMM objective under ¢:

naﬂp h(f) — z1_48€¢g s.t. 0 =arg mtin [g(t) — & W [g(t) — ¢, éeC.
In the case where g(6) is smooth, one may also relax the constraint that # minimizes the

GMM objective by instead imposing only the first order conditions:

min h0) — z1_aseg st DyW[§(0)—c =0, éeC.

Since a constraint is relaxed, this can only make the resulting CI more conservative.

D.2 ClIs based on misspecification-robust standard errors

In some cases, it may be possible to construct estimates B of the worst-case asymptotic bias
of the estimator & that are asymptotically normal. In such cases, one can construct Cls that
are valid under global misspecification by using misspecification-robust standard errors.

Let 0} = argming(gp(0) —c)’W(gp(0) —c), so that under the model (51), the true parame-
ter is given by 6y = 0%, and the pseudo-true parameter, the estimand of the GMM estimator
6 with weighting matrix W, is given by 60j. Note that ¢ depends on P, but we leave this
dependence implicit for clarity of notation. Hall and Inoue (2003) show that under regularity

conditions, if C is fixed with n,
Va(h = h(63)) 5 N(0,2),

where, unlike in the correctly specified case, the asymptotic variance §2;, generally depends
on the weighting matrix W. Hall and Inoue (2003) also show how to construct consistent
estimates of . Let By = max;_s|h(0;) — h(0;)| denote the worst-case bias. Suppose that
we have available an estimator B of Bg, such that (iL, f)’) are jointly asymptotically normal.

Then, by the delta method, for some asymptotic variances {2, and 2_, it holds that

Vilh =B = (h0) = BD) 4y qy Vil B=(h0) + Be) a0y (s
e T Qi/Q o
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Note that Bz, {14 and {1_ may depend on P, although we leave this implicit in the notation.

If one has available estimators 2. and Q_ that satisfy
Q. /0 B, Q_/0_ 51, (53)

one can construct one-sided CIs as [h—B—z;_oQ"?//n, 00), and (—o0, h+B+2_aQY*/ /).

Two-sided Cls can be constructed as
C1 = [B — ova(VRB/QYY) - O ), b+ eva (Vi B/OY?) QY2 )/l

The next result shows that these Cls are valid under global misspecification.

Theorem D.2. Suppose that the convergence in (52) and (53) holds uniformly over (6, P) €
S, ={(6,P) €0, xP:gp(0) €C}, with C is fizred. Then

. . - A1/2 >1_
hﬁ%ﬂf (e}r)lgsn P(h(0) € [h— B — 21427 /v/n,00)) > 1 — cv.
Suppose, in addition, that B/Bz % 1 and |0y — Q_|/\/nBz — 0 uniformly over (6, P) € S,.
Then
liminf inf P(h(f) € &) >1—a.

n—oco (0,P)ESy

The proof of this theorem is deferred to Appendix D.2.1. Under global misspecification,
when \/nBz — 0o, the condition |, —Q_|/y/nBz — 0 holds if Q2 and Q_ are of the same
order, which is typically the case. In this case, Ol is asymptotically equivalent to the CI
[h—B—21_oQ_/\/n, h+ B+ 2z_o, //n)]. Since in large samples, the uncertainty about the
endpoints of the identified set [h(0;) — Bz, h(0;) + Bz] dominates by the uncertainty about
the location of the endpoints, it suffices to use a one-sided critical value z;_, (see Imbens
and Manski, 2004, for a discussion).

Under local misspecification, if the estimator 0 is asymptotically linear with sensitivity
k, V/nBs = %ﬁg(k) is bounded, so that the condition |, — Q_|//nBs — 0 holds if
Q4 —Q_ — 0. This is indeed the case if \/nB = bias (k) + 0p(1), since then Q. and Q_
both equal k'Yk. In this case C'I is asymptotically equivalent to the CI in Eq. (7). The CI

thus automatically adapts to the misspecification magnitude.

Example D.1 (linear IV model). To give an example of a setting in which the condition (52)
holds, consider the linear instrumental variables (IV) model from Section 5.1. In particular,
suppose h = H0, and suppose that g(0) = E[z(y;—2/0)] € C, with C = {\/nBv: |7| < M,},

B = FE|z2},], and for concreteness, suppose ||-|| corresponds to an fo norm. If M, = M is
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fixed, this reduces to the local misspecification setup in the main text, but if M, = /nM,
the misspecification is global. Consider the 2SLS estimator h =k v |z, with k =
—HO'WD) ' T'W, T = —n 'S0z and W = Y7 220 let T = —Elz2l], W =
Elzzl]7' and k = —H(IT'WT)'T"W.

Then h(6f) = HY + k' E[z;2};]7/v/n, and Bg = ||k’ E[2;2};]|| M, /+/n. Consider the estima-
tor B = H/%’% S zizhl| M, //n of the worst-case bias, which is the same as the estimator
bias ﬁg(/%) /+/n under local misspecification used in the main text. Since B and h depend on
the data only through the sample means S, =n~'(>", 22, >, 220, >, ;y}), Eq. (52) holds
by the delta method, and consistent estimates Q+ and Q_ of Q4 and €2_ can be constructed

using a consistent estimator of the asymptotic variance of S,,, which yields the CI
CT = |h— cva(bias a(k)/QY2) - QY2 /y/n, b+ eva (bias a(k) /%) QL/Q/\/E] .

Thus, relative to the CI described in the main text, C1 differs only in that it uses variance
estimates (), and €)_ that are valid under global misspecification. If M, = M, so that mis-
specification is local, 1, = E'¥Yk+o0,(1) and O, = k'¥k+o0,(1), and the CI is asymptotically

equivalent to the CI described in the main text.

D.2.1 Proof of Theorem D.2

Proof. Let Z_ = /n(h—B—(h(0;)—Bg))/Q"?, and let Z, = /n(h+B—(h(03)+ Bg)) /%",
Then

P(h(0) > h— B — z1_.0"?//n)
= P(Z_ < \/n(Bg — (h(03) — h(0)))/QY + 2.0 Q%)
> P(Z- < 2o /0" > 11— a4 0(1),
where the equality follows by definition of Z_, the first inequality follows since Bz > h(6;) —

~

h(6) by definition of B, and the second inequality follows since 02 / O hy 7z 4
N(0,1), and since convergence in distribution to a continuous distribution implies uniform
convergence of the cdfs (van der Vaart, 1998, Lemma 2.11). To show the result for the
two-sided CI, let b = h(0*) — h(#) denote the asymptotic bias. Then

P(h(0) € CT) = P(eva(v/nB/QY?) - Q2 1y/n > b — h(0) > — eva (VnB/QY?) - OV ) /n)
= P(Z_+Vnb/QY* < A)+ P(—Z, — V/nb/QY* < A,) — 1,
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where A_ = /n(Bz — BY/QY? + cvo (aB/QY?) - QM2 /0% and A, = cva(ﬁB/Qi/z) .
91/2/91/2 + /n(Bs — B)/er/2 Now, since Q_/Q_ 5 1, applying first Eq. (55) and
next Eq. (56) in Lemma D.1 below yields

A_ = /n(Bs — B)/Q + evo (VaB/Q?) + 0,(1) = cva(v/nBs/ Q%) + 0,(1),

where the 0,(1) term is asymptotically negligible uniformly over S,. By similar argument,
A, = cva(\/ﬁBg/Qiﬂ) + 0,(1). By Eq. (52), it therefore follows that, up to a term that’s
asymptotically negligible uniformly over S,,, P(h(6) € CI ) equals

P(Z + ab/QY? < evo(vnBz/QY?)) + P(Z — /abjQY? < eva(vVnBs /%) — 1, (54)

where Z denotes as standard normal random variable. Fix € > 0. To conclude the proof, we
will show that for n large enough, this expression is bounded below by 1 — a — e.

Since Eq. (54) is symmetric in €, and €_, suppose without loss of generality that Q, >
)_. By the assumption of the theorem, for n large enough and n > 0 specified below,
QY2 /02 — 1] < nynBs/Ql.

We'll consider two cases,\/ﬁB(/:/Qi/2 > 21, and \/ﬁBg/er/Q < 21_. Suppose first
VnBz/QY? > 2. Then, it b < 0, Eq. (54) is bounded below by ®(cva(y/nBs/Q2Y%)) +
l—a—-12> @(cva(\/ﬁBg/Qi/z)) —a > 1 — € — «, where the last inequality follows since
cve(t) > t. If b is positive, it is bounded below by 1 —a—i—CI)(cva(\/ﬁBg/Qi/Q)) —1>1-a—-e

Next, suppose, \/ﬁBg/Qi/z < z1_.. Then |Ql_/2/Qi/2 — 1] < nz_, so that by Eq. (56),

eva(v/nBs /) — /nBz/QY? — evo(VnBs/V?) + vnBs QY2 < v,
where v = n21_¢(21-a/2 — #1—a). Therefore,

P(Z +/nbjQY? < cva(vaBs/QM?))
> P(Z + b/ < eva(v/aBg/Q) — VnBg/Q? + VnBg/0Y — v)
— P (Z+ b/ < eva(WnBg/QL) + Vn(Be — ) (2 - 01%) — )
> P (7 4+ /@ < eva(VaBe/2/) — v)
> P2+ Va9 < eva(VaBg/Q*)) +1-20(v/2),

where the last equality follows since inf {®(z — v) — ®(z)} = 1 — 2®(r/2). It therefore
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follows that the coverage probability in Eq. (54) is bounded below by

P(Z + nb/QY? < eva(VnBg/Q?) + P(Z — v/nb/)? < eva(v/nBe/Q?)
—14+(1=281/2)>1—a+(1—-20(v/2)).

where the inequality follows by definition of cv,. Setting 7 = 221 /94¢/2/(21-c(21-a/2 — 21-a))
then implies that the right-hand side evaluates to 1 —a —e. Thus, Eq. (54) is bounded below
by 1 — a — ¢, concluding the proof. O

Lemma D.1. The critical value cv,(t) satisfies, for any a > 0,

[1—af

i1§13|cva(ab)/a —cve(b)| < Zl_a/Q—max{a, 0% (55)
and 1 |
—a

S;)l;g)lCVa<ab) —ab — CVa(b) + b| S (Zl_a/g — Zlfa)m. (56)

Proof. Since the function cv,, is increasing and convex, with slope bounded by 1, for by,bs > 0
cVa(by + by) < by + cvy(be), (57)
and for a > 1 and b > 0,
cva(ba)/a+ cvy(0)(1 —1/a) > cv, (D). (58)
Suppose a > 1. Then by Eq. (57)
cvg(ab)/a — cvy(b) < (cvy(b) —b)(1/a—1) <0,

since cv,(b) — b is bounded below by z;_,. On the other hand, by Eq. (58), the left-hand
side is greater than —cv,(0)(1 — 1/a). If a < 1, the same argument with ab and b reversed
then yields Eq. (55).

To show Eq. (56), suppose first that a > 1. By Eq. (57), cva(ab) — ab — cvy(b) + b < 0.
On the other hand, by Eq. (58),

cva(ab) —ab —cv(b) + b > (cva(ab) — ab — cva(0))(1 —1/a) > (1 — 1/a)(21-a — 21-a/2)

where the second inequality follows since cvo(ab) —ab > 214 and cvo(0) = 21_4/2. If a <1,

the same argument with ab and b reversed then yields Eq. (56). O]
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Table 1: J-test of overidentifying restrictions in the application to Berry et al. (1995) under
different forms of ¢, misspecification.

Instrument set p=2 p=o00
D/F: # cars 10.21  10.21
S/F: # cars 15.00  15.00
Supply: Miles/dollar  16.31  16.31
All D/F 271 2.71
AllD/R 5.36 5.95
All S/F 254 2.56
All S/R 406 6.84

All excluded demand  1.80 1.97
All excluded supply 1.60 1.72
All excluded 1.13 2.56

Notes: The table gives the minimum value of M such that the test of overidentifying restrictions
has p-value equal to 0.05. “D/F”: Demand-side instrument based on characteristics of other cars
produced by the same firm. “S/F”: Supply-side instrument based on characteristics of other cars
produced by the same firm. “D/R”: Demand-side instrument based on characteristics of cars
produced by rivals. “S/R”: Supply-side instrument based on characteristics of cars produced by
rivals. “All excluded”: All excluded instruments are potentially invalid.

Table 2: Efficiency bounds (in %) for one and two-sided 95% confidence intervals at ¢ = 0
under ¢, misspecification in the application to Berry et al. (1995).

Two-sided One-sided

Instrument set p=2 p=oc0 p=2 p=0
D/F: # cars 85.9 85.9 100.0  100.0
S/F: # cars 90.1 90.1  99.8 99.8
Supply: Miles/dollar  85.0 85.0 100.0  100.0
AllD/F 85.5 85.7 100.0  100.0
All D/R 94.8 95.3 939 95.3
All S/F 88.6 89.1  99.7 99.7
All S/R 89.4 89.2  98.5 99.5

All excluded demand  95.4 96.4 95.0 97.3
All excluded supply 90.3 90.1 98.2 99.6
All excluded 97.0 975 99.5 98.2

Notes: For two-sided confidence intervals, the table calculates the ratio of the expected length
of a 95% confidence interval that minimizes its length at ¢ = 0 relative to the length of the CI
in (16), given in (18). For one-sided confidence intervals, the table calculates an analogous bound,
given in Appendix C.6, when the confidence interval optimizes the 80% quantile of excess length.
Instrument set labels are describe in notes to Table 1.
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Figure 1: Confidence intervals under ¢, misspecification and M = 1 in the application to
Berry et al. (1995).

Vertical lines correspond to the estimate & the worst case bias, and horizontal lines correspond to 95%
confidence intervals. Different rows correspond to assuming that different subsets of instruments are poten-
tially invalid. “None”: correct specification. “D/F”: Demand-side instrument based on characteristics of
other cars produced by the same firm. “S/F”: Supply-side instrument based on characteristics of other cars
produced by the same firm. “D/R”: Demand-side instrument based on characteristics of cars produced by
rivals. “S/R”: Supply-side instrument based on characteristics of cars produced by rivals. “All excluded”:
All excluded instruments are potentially invalid.
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Figure 2: Optimal Confidence intervals under /5, and /., misspecification and M = 1 in the
application to Berry et al. (1995).

Vertical lines correspond to the estimate & the worst case bias, and horizontal lines correspond to 95%
confidence intervals. Different rows correspond to assuming that different subsets of instruments are poten-
tially invalid. “None”: correct specification. “D/F”: Demand-side instrument based on characteristics of
other cars produced by the same firm. “S/F”: Supply-side instrument based on characteristics of other cars
produced by the same firm. “D/R”: Demand-side instrument based on characteristics of cars produced by
rivals. “S/R”: Supply-side instrument based on characteristics of cars produced by rivals. “All excluded”:
All excluded instruments are potentially invalid.
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Figure 3: Optimal confidence intervals under f5 misspecification the application to Berry
et al. (1995) as a function of misspecification parameter M, when all excluded instruments

are allowed to be potentially invalid.
Dotted line corresponds to point estimate, shaded region denotes the estimate + its worst-case bias, and a
95% confidence band is denoted by solid lines.
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